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New methods for valid ecological inference

Bernard Grofman

Introduction

There are numerous circumstances, such as those involving the analysis of
historical data, where political geographers and other social scientists must
seek to understand voting {or other types of individual behavior} in situations
where reliable surveys at the individual level are not available.” In coping with
the absence of survey data, social scientists have developed a range of tools for
making inferences using aggregate data based on geographical or other units.?
Much early work made use of thematic maps to represent visually relation-
ships between the characteristics of geographic units and the behavior of those
who lived in them; this methodology remains important because it provides
insights about spatial patterns (see, ¢.g., Rokkan and Valen, 1970; Ryssevik,
1990). Work prior to World War Il focused on maps and/or on simple corre-
lational or cross-tabular analyses (see, e.g., Durkheim, 1897; Siegfried, 1913); a
review of bivariate correlations remains a starting point for many contempo-
rary analysts (see, ¢.g., Ryssevik, 1990).

Most recent work on ecological data derives from two now-classic
approaches, the ecological regression approach of Goodman (1953) and the
method of bounds of Duncan and Davis (1953). These approaches were devel-
oped in part in response to Robinson’s (1950) classic essay showing that
changes in the magnitude or even the direction of the correlations between
variables could occur, depending upon exactly how data were grouped into
ecological units, and warning of the risks of using correlations among vari-
ables measured at some level of aggregation as evidence for what was true for
individuals. :

We discuss two important extensions of the Goodman approach to the
analysis of voting behavior: ome, the so-called double-equation approach
{(Loewen, 1982; Grofman et al, 1985; Grofman and Migalski, 1988), designed
to cope with the problem caused by the absence of data on the composition of
the actual (as opposed to the potential) electorate; and one, a context effects
model attributable to Boudon {1963), designed to compensate for the problem
of excluded variables by positing linear contextual effects that give rise to a
quadratic relationship between group population proportion and the vote. In
addition, following the lead of authors such as Shively (1969, 1975) in drawing
on information external to the mode] to help us decide what is plausible, we
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128 B. Grofman

consider an extension of the method of bounds proposed by Duncan and
Davis (1953}.3 ‘

There are eight important distinctions we wish to draw, the importance of
which sometimes fail to be appreciated: We wish to distinguish (1) between
aggregate data analyses that can properly be labeled as involving ecological
inference and those that cannot;* (2) between models that are intended simply
as descriptions of patterns of relationships and those that purport to ‘explain’
the relationships in causal terms;® (3) between cross-sectional applications of
ecological inference and cross-temporal applications;® (4) between ecological
regressions involving proportions where the dependent and independent vari-
ables can be thought of as having the same denominator, and those where
they cannot;” (5) between bivariate and multivariate approaches;? (6) between
linear and non-linear models;® (7) between models that make use of informa-
tion external to the model to improve estimates/set bounds on what is possible
and those that make use of no exogenous information; and (8) between
approaches that focus on finding upper and lower bounds on proportions to
be estimated by ruling out estimates that are logically/mathematically impossi-
ble, and those that are trying to find ‘best’ estimates under plausible assump-
tions about the nature of the underlying relationships.*®

Basic ecological regression
When is a regression on ecological units not an ecological regression?

A regression on ecological units is one where the values of the independent
variables being regressed are characteristics of some unit of aggregation (most
commonly a type of geographic area, such as voting precinct, city, county or
state).!* Under this definition, many regressions commonly done by political
geographers and other social scientists can be thought of as ecological in
nature: for example, a regression of levels of black representation in city coun-
cils on a variety of other city attributes treated as independent variables, such
as form of government (ward versus at-large, strong mayor versus council/city
manager, partisan versus non-partisan elections), location {(south versus non-
south), and population characteristics (e.g minority population share).?
Often, ecological data are used to show how particular characteristics of eco-
logical units are correlated with some particular behaviors.!® Sometimes the
concern is merely with the directionality of the effect. In this chapter, however,
we reserve the term ‘ecological regression’ for attempts to produce direct esti-
mates of individual-level behavior (e.g. the proportion of members of a given
race who vote for a candidate of that race in a particular election) from infor-
mation about the voting behavior and other characteristics of aggregate-level
units, such as voting precincts.!* The classic development of basic ecological
regression methodology is due to Goodman (1953, 1959), although similar
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methods were -used by earlier scholars (see especially the discussion of the

work of the 1930s scholar ¥ritz Bernstein in Lohmoler and Falter, 1986).

Goodman’s ecological regression method

We will illustrate the approach taken by Goodman (1953, 1959) in terms of
two dichotomous and mutually exclusive groups (x and not-x), some propor-
tion of each of whose members engages in one of two mutually exclusive and
exhaustive types of (voting} behavior (v and not-v).

Let

x . = the proportion of the electorate that is in group x

fox = the proportion of the electorate that is in group not-x

P, = the proportion of the electorate that engages in behavior v

oty = the proportion of the electorate that does not engage in behavior

v(=1—P)

P, = the proportion of members of group x who engage in behavior v

Pioxy = the proportion of members of group not-x who engage in behav-
iorv

P} .e = the proportion of members of group x who do not engage in

behavior v(=1 ~ P}
P txnaty = the proportion of members of group not-x who do not engage in
w%m&oﬂiﬂwlwwoﬁ.n.b

Goodman’s approach can usefully be thought of as beginning with a very
simple ‘bookkeeping’ identity:

Py == Pl X 4+ Pt — %) = (Pl — Pooex® + Protsy (1.1

In other words, the proportion of the electorate that engages in behavior v
equals {the proportion of the members of group x who engage in that behavior
multiplied by the proportion of members of the electorate who are in group x)
plus (the proportion of the members of group not-x who engage in that behav-
ior multiplied by the proportion of members of the electorate who are in that

group).

While equation 7.1 is a tautology, it applies only to the electorate as a .

whole. The ‘trick’ of ecological regression is to posit that the same relationship
holds approximately across all ecological units.?

By rearranging terms, we may rewrite equation 7.1 as a linear equation in x,
where x is now the proportion of those in a given ecological unit (e.g. voting
precinct) who belong to group x.

.mvﬁ. = ﬁ.@“ﬂe. - .wv__no?x.bum + ‘muhuoﬁla.,. ﬁQoHv\
Now we have a linear relationship, y = sx + r, with
§ = .mu“?. ™ .mvworx.q

4
r= not-x,v
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130 B. Grofiman

and
y=2F,
We may rewrite this to solve for P, and P, ., to obtain
P,=r+s {7.2a)
Pootzy =T (7.2b)

Now we may plug in the values of r and s obtained from ecological regression
of v on x to estimate the values of P,, and Py as the mean values for those
individual-level parameters — parameters that are unobservable directly,
absent survey data.'6.

The reader may neot immediately recognize the connection between equa-
tions 7.1 and 7.2 and the analyses in Goodman (1953, 1959) because Goodman
illustrates his modeling in terms of cross-temporal voting behavior. In his
example, in our notation, x is the proportion of voters for a given party (call it
party D) at time ¢, 1 — x is the proportion of voters for the opposite party at
time ¢, and v is the behavior ‘vote for party D at time ¢ + 1.

Thus, the bookkeeping equality used by Goodman is that the proportion of
the electorate that voted for party D at time ¢ + 1 equals (the proportion of
those who voted for party D at time t who also voted for party D at time t + 1
multiplied by the proportion of the electorate who voted for party D at time #)
plus (the proportion of those who did not vote for party D at time t who
switched to vote for party D at time ¢ + 1 multiplied by the proportion of the
electorate who did not vote for party D at time f). Hence, when we regress
support for party D at time ¢ + 1 on support for party D at time £, the esti-

mate of the proportion of voters for party D at time 1 who continued to vote

for party D subsequently is given by r + s, while the estimate of the propor-
tion of voters who failed to vote party D at time ¢ but then switched to party
D in the next election is given by .

Potential problems with the Goodman methodotegy

There are a number of obvious potential problems with applying the
Goodman linear regression methodology to actual situations of interest. These
problems suggest the usefulness of modifying this model.

First, if we apply the basic Goodman model cross-temporally, then we are
implicitly assuming that the set of voters at time ¢ + 1 (or perhaps even at time
t + k) is the same as at time f. Clearly, voters die and new voters come of age;
moreover, over time, there will be movement of voters across ecological units.!”

-Second, even if the application of ecological regression is to a single election,
it may not be the case that all potential voters vote. When the single-equation
Goodman methodology is used, if the data used to measure the size of each
group are based not on the actual electorate but on the number of potential

i
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voters the group contains, then differences in the turnout rates of different
groups relative to that potential electorate can create measurement error and
thus estimation bias.!®

Third, the model as explicated above posits only two groups. If there are n
groups (n > 2) whose behavior we need to esfimate, then we may need to
extend the bivariate approach above to one which is multivariate — in terms of
treating the proportion of the ecological unit made up by members of n — 1
such groups as independent variables,*®

Fourth, even if there are only two groups, it may be the case that the behav-
ior of members of one or both of the groups varies in a systematic way with
other attributes of the group’s members,*” i.e. we may view the group as being
‘non-homogeneous’ (Lupia and McCue, 1990). Thus, it might be the case that
we can improve estimates of the behavior of group members by introducing in
some fashion additional variables that are related to the behavior(s) in ques-
tion, or by partitioning the group into subgroups that are more nearly homo-
geneous with respect to the behavior in question. This again leads us to some
type of multivariate approach.

Fifth, the model as explicated above posits only two behaviors. If there are
multiple behaviors we need to estimate, then again we may need to extend the
bivariate approach in the section above to one which is multivariate.?*

Sixth, the Goodman methodology may produce estimates that conflict with
our a priori knowledge. For example, we know that group proportions must
bie between 0 and 1. Estimates outside that range must somehow be ‘cor-

rected’.*?* Or, we may have good reason to believe that the proportion of

members of group x who engage in behavior v is never greater than the pro-
portion of members of group non-x who engage in that same behavior,

In the remainder of the chapter we shall {focus on a few techniques that we
believe to be particularly important in addressing the problems discussed
above, beginning with the use of double-equation regression to cope with mea-
surement errors in the independent variable caused by differences in the
turnout levels of the various groups.*® The modifications/improvements to the
basic single-equation bivariate Goodman methodology that we describe in the
next three sections either add dependent variables and thus require use of
more than one regression equation, and/or add additional independent vari-
ables and thus require a shift from a bivariate to a multivariate approach,
perhaps by including polynomial terms. We also briefly consider how to ‘add’
exogenously derived knowledge s0 as to improve estimates, drawing on ideas
suggested by the method of bounds proposed by Duncan and Davis (1953).24

To simplify exposition, in the remainder of this chapter, except where other-
wise clearly indicated, we will draw all our examples from the analysis of pat-
terns of racial voting, In the United States, this is the domain in which the
greatest practical use of aggregate-level ecological analysis is now being made
~ in legal challenges to election system practices on the grounds that they
illegally dilute the voting strength of racial or linguistic minorities. For nearly
two decades, voting rights cases have almost invariably involved testimony
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132 " B. Grofman

where expert witnesses have used ecological regression (coupled with descrip-
tions of voting in racially homogeneous precincts) to infer patterns of voting
by race, since there are rarely reliable survey data available on voting behavior
in local elections, which are the most common subject of voting rights law-
suits. Assessing the extent of racially polarized voting is arguably now the
most important of the empirical questions investigated in most voting rights
cases in the United States.*

Double-equation regression

For convenience, we initially assume that there are two mutually exclusive and
exhaustive groups, which we refer to as white voters and black voters. For
simplicity of discussion, we also assume below that there is a single black and
a single white candidate.?® We wish to understand what proportion of each
group’s votes go to a candidate (or, more generally, candidates) identified with
their own group. We introduce a notation that is consistent with that used in
the previous section ~ a notation which has been used in the literature on
voting rights issues (see, e.g., Grofman et al, 1985; Grofman and Migalski,
1988; Grofman, et al,, 1992).
Let

x = the proportion of eligible voters who are white®’

1 — x == the proportion of eligible voters who are black

Py, = the proportion of total eligible voters who vote for the white candi-
date

P, = the proportion of total eligible voters who vote for the black candi-
date

T = the proportion of eligible voters who vote

The values of these four variables are, in principle, directly observed.?®
Let .

Pyw = the proportion of white eligibles who vote for the white candidate(s)
Pgw = the proportion of black eligibles who vote for the white candidate(s)
Py = the proportion of black eligibles who vote for the black candidate(s)
Py = the proportion of white eligibles who vote for the black candidate(s)

and let

P, = the proportion of the electorate that votes for the black candidate
P, = the proportion of the electorate that votes for the white candidate
P = the proportion of white voters who vote for the white candidate
Py == the proportion of black voters who vote for the white candidate
P}, = the proportion of black voters who vote for the black candidate
Pi = the proportion of white voters who vote for the black candidate
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It is the latter four variables whose values we are really interested in estimat-
ing. However, if we know the values of the four ‘unprimed’ variables, we can

readily obtain their primed equivalents by using the identities below.
Pyw = Pyw/(Pyw + Pwn)
5 = Pyp/(Pgp + Prw)
Py = Pys/(Pww + Pwp) = 1 — Pyw
Pyw = Pyy/(Pyy + Paw) =1 — Prs

(7.32)
(7.3b)
(7.3¢0)
(7.30)

To estimate Py and Py, following the same logic mm.wao.n equation 7.1

discussed above, we make use of the bookkeeping identity
Py = x{(Pywyw) + (1 — x}Psw)
which can be rewritten as
Py = {(Pww — Pew)x + Py
That equation is then used as the basis for a linear regression of
Py on x, Pyy=m;x + b,
to obtain
Pgw = by
Pyw=my + b,
In like manner, we make use of the bookkeeping identity
Py = x{Pyg) + (1 — x)(Pgs)
which can be rewritten as
Py = (Pyg — Pga)x + Pgp

as the basis for a linear regression of Pg on x, Py = myx + b,
Thus, we obtain

Ppg=b,
Pyg=my + b,
Now it easy to see that, under the assumptions previously discussed
ww = {my + b)f(m; + by +my + by
an = by/(by + by)
Let

Ty = the proportion of eligible black voters who vote
Ty = the proportion of eligible white voters who vote

~ (7.4a)

(7.4ay

(7.4b)

{7.4bY

{7.5a)
(7.5b)
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134 . B. Grofman

Tt should also be clear that
Ts=1-—Pgy—Ppgg=1—5b, — b, (7.6a)
MJSNEwl%ﬁi!wﬁxwuwlsuyll@wi:gw%ww A.ﬂom—wv

Thus, the two-equation approach can not only compensate for turnout differ-
ences among each group’s eligible votes, but yield a direct estimate of the
turnout proportions of each group’s eligible electorate.

I we regress Py {rather than Py) on the proportion of members of group x
who are in the eligible electorate, ie. if we use the basic single-eguation
Goodman mode] in a situation where group size is measured in terms of
potential rather than actual electorate, we get what can be thought of as a

problem of nnequal denominators. Since
Py = votes for the black candidate/total votes cast
and

x == number of members of the eligible electorate who are black/total number
of eligible voters

while
Py = votes for the black candidate/total number of eligible voters

if we use the first and second of these as, respectively, dependent and indepen-
dent variables in the same eguation, the variable on the right-hand side of the
equation will have a different denominator from the variable on the left-hand
side of the equation (*total number of eligible voters’ vs. ‘total votes cast’); in
contrast, when the second and third of these are used as the independent and
dependent variables, respectively, the same denominator, ‘total number of
eligible voters’, appears on both sides of the equation.

If it were the case that k fraction of the eligible whites voted and j fraction of
the eligible blacks voted, then

Black share of turnout = ({1 — x)/(j( — x} + kx)
= = Jx}(j + (k ~ )x)

This is 2 non-linear function in x. As a continuous fraction, it may be approx-
imated by a polynomial in x of order m. Only if j is very close to k is it likely
that approximating black share of turnout simply by x will yield a good fit, at
least if there are a substantial number of racially mixed precincts (cf. the dis-
cussion of linear approximations to quadratic context effects in Owen and

. Grofman, 1994 forthcoming).

Because of the non-linearity caused by turnout differences between groups,
any single-equation ecological regression that uses black share of eligibles as a
proxy for black share of turnout is potentially suspect. However, the problem
becomes really serious only if the difference between the turnout levels of white

el
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and black eligibles is large and if there are a substantial number of racially
mixed precincts.

Consider an extreme hypothetical, where 90 percent of black voters vote for
the black candidate and 90 percent of white voters vote for the white candi-
date, but black turnout is only 50 percent of black eligibles, while white
turnout is 100 percent of eligibles. For these assumptions, if we assume a
uniform distribution of black eligibles across ecological units, it can be shown
{Grofman, 1993a) that if we regress the black candidate’s share of the vote on
the black share of the eligibles, we will estimate black vote for the black candi-
date as roughly 80 percent (too low) and white vote for the black candidate as
3 percent {(also too low). However, even for this exireme case, the single-
equation estimates are not that far from the actual values. Of course, if we
were to use the double-equation approach of equations 42’ and 4b’, using the
bookkeeping identities of equations 3a-3d, for the same assumption of a
uniform distribution, it can be shown (Grofman, 1993a) that we would recover
the correct percentages: Pyw = 0.9 and Py, = 0.9, from the fitted equations

.mﬂ.. o wﬁmum + ..qvu = O:WMH + OM
and

ww = X -+ @N = ) 85x o 0.9

Coping with non-homogeneous groups and correlated
errors

As noted earlier, one potential problem with the simple two-group Goodman
method is that it assumes that errors in estimating the behavior of the
members of each group are not correlated with the independent variable (the
group proportion in the ecological unit).?® If they are, then heteroskedasticity
will result and estimates will not be unbiased. Relatedly, when groups are
non-homogeneous, it may be possible to improve estimates by taking addi-
tional variables into account or partitioning the group into more nearly
homogeneous subgroups. As defined by Lupia and McCue (1990: 365), homo-
geneity is the assumption that ‘all members of a group make similar choices’,
ie. that each may be thought of as being characterized by some probability of

engaging in the behavior in question, which gives rise to a binomial (or other)

distribution as we ‘sample’ members.3°

A variety of techniques have been suggested to deal with correlated errors
and non-homogeneity of groups. One we have already considered, the double-
equation technigue. It compensates for the heteroskedasticity caused by the
systematic measurement error in the independent variable that is related to
differences in turnout. Below we discuss three others, the partitioning into

B e

3

e B e

[

4
i

®



B T

136 B. Grofman

subgroups technique proposed by Lupia and McCue (1990), the Miller (1977}
quadratic context effects model, and multivariate meodeling with dummy
control variables.

Lupia—McCue partitioning approach

If one or both of the groups with which we begin can be thought of as non-
homogeneous (in the technical sense of that term used by Lupia and McCue,
19903, then it would seem {0 make sense to partition the non-homogeneous
group(s) into subgroups for which the homogeneity assumption is more piaus-
ible, and then run a multivariate regression with subgroup (rather than group)
proportions as the independent variables — recovering a group’s estimated
behavior as the (population) weighted average of the behavior of the sub-
groups which comprise that groap. This is the methodology recommended by
Lupia and McCue (1996}

Using a multivariate ecological regression approach that looks at homoge-
neous subgroups is an excellent idea in theory, but may not be feasible in
practice because of multicollinearity problems, or limited numbers of observ-
ations, or difficulty in deciding exactly how to partition,®® or simple unavail-
ability of the data.

For example, we may believe that, say, Cubans and Mexican-Americans
vote differently, and thus that we should estimate the voting patterns of each
subgroup separately rather than estimating data for Hispanics as a whole. Yet
this may not feasible in practice.

Statisticians who testified as expert witnesses for the defendant jurisdiction,
Los Angeles County, in Garza v. Los Angeles Board of Supervisors.(DD. Cal
1990), 90 CDOS 8138 (9th Cir. 1990) cert denied January 1990, a successful
voting rights challenge by minority plaintiffs and the Department of Justice to
the 1981 redistricting plan for the County, found it impossible to derive mean-
ingful separate estimates for the voting behavior of Cubans and Mexican-
Americans. In my testimony in that case as an expert witness for the US
Department of Justice, I made the commonsense point that one should not
expect to be able to estimate separately Cuban and Mexican-American voting
behavior simply because there were not that many Cubans in Los Angeles
County (only a few thousand out of well over two million Hispanics) and
because Cuban population concentrations were highly correlated with those of
Mexican-Americans.??

Similarly, we may quite reasonably believe that white voters who are regis-
tered as Democrats will vote differently from those who are registered as
Republicans, and thus that we should estimate the voting patterns of each
subgroup separately rather than estimating data for whites as a whole. Yet
doing so may not be possible. When I was analyzing data on black and white
voting patterns in North Carclina legislative elections in my testimony for
minority plaintiffs in Gingles v. Edmisten 590 F. Supp. 345 (EDNC 1984),*° 1
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sought to analyze separately thé voting behavior of white Democrats and

- white Republicans. However, since the percentage of white registered voters
who were Democrats was highly correlated with the percentage of blacks in
the precinct,* I found myself unable to estimate reliably a multigroup equa-
tion.??

Also, even if possible, a partitioning into subgroups may not actually
‘improve’ estimates sufficiently to be worth the bother. For example, for the
data on the 1983 Los Angeles City Council election in council district 14,
which is analyzed by Lupia and McCue (1990), in which the feading candi-
dates were an Anglo incumbent (Snyder) and an Hispanic challenger
{Rodriguez), their partitioning approach yields an estimated (absolute value)
difference in Hispanic and non-Hispanic support for Rodriguez of 50 percent-
age points, and for Snyder of 39 percentage points. Applying the simplest pos-
sible single-equation ecological regression approach to the data they report, 1
estimate those difference as 47 percentage points and 37 percentage points,
respectively. Such minor differences between the results they report and those
obtained from the standard methods do not give much to argue about. More-
over, their estimate of the degree of bloc voting is actually marginally higher
than what is obtained from the standard method. But the usual complaint by
statisticians against the standard methods is that they overestimate bloc
voting.

However, there may be circumstances where partitioning may be very .

important. Consider estimating the behavior of Hispanic and non-Hispanic
voters in a 1984 or 1988 presidential primary in which Jesse Jackson was one
of the candidates. As politically knowledgeable people, we know that non-
Hispanic white and non-Hispanic black voters are apt to be radically different
with respect to their levels of support for Reverend Jackson. Thus, as Lupia
and McCue (1990) suggest, it might be desirable to partition the set of non-
Hispanic voters into white/Anglo voters and black voters, especially if black
voters were not randomly distributed with respect to Hispanic and non-
Hispanic voters in terms of geography.3$

In particular, if non-Hispanic black voters were disproportionately found in
large numbers in the same neighborhoods as Hispanics, then we might easily
overestimate the voting support of Hispanics for Jesse Jackson.3”

Quadratic context effects mode}

A second way to deal with excluded variables/non-homogeneity of groups is to
posit that the factors that affect group voting behavior are highly correlated
with group density, ie. to posit some form of context effect. Here, as we show
below, for a particularly simple form of context effect, we may be able to use a
bivariate quadratic instead of a bivariate linear model. However, contextual
models may give rise to coefficients that cannot be directly related to the
parameters of group behavior for which we are trying to solve.®®
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Let us modify the bloc voting model of a previous section by considering
what happens if we posit a linear context effect of the following form:*®

Pyw = a1 —x)+ ¢y (7.7a)
ww = a1 — x) + ¢y (7.7b)

Here we are positing that the extent of white or black support for white candi-
dates is contingent on the racial composition of the precinct. It is apparent
from these expressions that the greater the (absolute) value of the parameters
a, and g, relative to ¢, and ¢,, the greater the contextual effect. The context

effect may work in one of two directions: for example, either white support for

the black candidate could increase with percentage black or it could decrease.
Using our earlier notation:

Py = (as(1 — x) + c)x + (a,(1 — x) + ¢yl — x) {1.8)
={a, + ¢ )x — a;x* + (a5 + ¢3) — apx —{az + )X + a,x*
= (@, — @ )x? + (a; + ¢y — 2a;, — ¢)x + (3 + ¢2)

Thus, if there is 2 (linear) context effect, the vote for the white candidate isa
guadratic function of the proportion black (minority) in the awaoﬁoﬂmﬁ% which
we may represent as

y=Cx*+Bx+ A4

Unfortunately, unless we make further_simplifying assumptions, fitting a
quadratic rather fhana linear model to data on voting patterns by racial
composition of precincts does not improve our ability to estimate white and
black voting patterns because the set of equations to derive the four neéded
parameters from the three fitted coefficients of the quadratic regression”is

‘underdetermined.

Sometimes, however, it may be reasonable to assume that m.ﬁ context effect
is present for only one of the groups: for example, Black voters may be

assumed to have a constant probability of supporting a black candidate of
choice in a biracial ~ontest.*! This is equivalent to assuming that g, =0.
Under this assumption,

Pou= —a;x*+{a, +¢; —co)x+ ¢ 79

and we may solve ™ the remaining coefficients of interest, a,, ¢; and c,, from
the coefficients of the fitted quadratic

Py=Cx*+Bx+ A
as _
a; = C
. e,=B—C-+A (7.10)

ﬁN"\&.
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For any given distribution of x, we ¢an solve for the mean-values- of Py
and Py by integrating over the formulae in equations 7.7a and 7.7b.%2

Multivariate approach with control variables

Still a third approach is to deal with excluded variables directly, by intro-
ducing additional variables as controls in a multivariate regression in which
group proportion is one of the variables. Now we would estimate the ‘average’
behavior of a group as the behavior that results when we substitute the values
of the set of traits that is characteristic of the average member of the group.
However, multivariate ecological modeling which introduces independent vari-
ables that are other than simple group proportions brings with it a host of
special problems in interpreting results in terms of the group behavioral pro-
portions we wish to estimate,*> and increases the complexity of the models,
the range of possible models, and the needs for reliable data measured at the
relevant ecological level** .

Making use of external data and mathematical bounds

i

The method of constrained percentages

Information on voting precincts that are homogencous {or nearly so} in their
racial composition can provide us with reliable information about the voting
behavior of the preponderant group in the precinct,*’ especially if we are pre-
pared to take into account insights derived from political science to improve
the plausibility of our assumptions about voting behavior. Consider the ith
voting precinct, denoted with a superscripted (i): Let x again refer to the actual
electorate.
If we posit that 0.5°< P < x®, then'it must be the case that

Piyw < (P — (1 = x))/x

since, even if all black voters voted for the white candidate, that would still
leave 2 remaining vote proportion of P — (I — x) which has to come from
white voters. Similarly, if we posit that 0.5 < P{? < 1 — x®, then it must be the
case that

P < (P ~ x)/(1 = x9)

The results above are minimal bounds determined by the Duncan-Davis
method of overlapping percentages (Duncan and Davis, 1953). The greater the
level of political cohesion (similarity of voting) in the precinct, the tighter are
the Duncan-Davis bounds we can set on electoral behavior; and the more
nearly homogeneous the precinct, the clearer will be the evidence for racial
bloc voting {or the lack thereof} within it.
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For example, if P{? = 0.7 and 1 — x = 0.7, then we know that Py = 0.57;
while if P =07 and 1 —x =038, then we know that Pyy = 0.62; and if
P9 = 0.7 and 1 — x = 0.9, then we know that Py > 0.67. Similarly, if Pg =
0.9 rather than 0.7 and again 1—x=90.7, then we know that Pgg = 0.85;
while if P{ =09 and 1 —x =08, then we know that Pyg = 0.87; and if
P =09 and 1 —x =09, then we know that Py = 0.88. As the precinct
becomes more exclusively of one racial group, of course, then the voting
behavior of the precinct as a whole becomes more nearly the voting behavior
of that group; similarly, the more nearly everyone in a precinct voies the same
way, the more can we be confident that that behavior is characteristic-of both
(all) groups/racial groups in the precinct.

Useful as is the method of overlapping percentages, it is important to recog-
nize that it provides a conservative estimate of the amount of racial bloc
voting, since, in most circumstances, it would be unreasonable to posit (as we
did above) that, in an interracial contest, a full 100 percent of the white voters
in a precinct vote for the black candidate and only 100(PY — (1 — x)/x®
percent of the black voters support that candidate over his/her white
opponent. Clearly, it is more reasonable to posit that, ceteris paribus, in an
interracial contest, the proportion of voters of a given race who vote for candi-
dates of the same race should, ceteris paribus, be at least as great as the pro-

portion of voters of the opposite race who so vote.*®
This latter assumption may be represented as
.mumww = Wwfww AQ.MH.NV
ww = Pew (7.11b)

Given equation 7.11aif 0.5 < Pg’ <1 — x® we can improve on the method
of overlapping percentages and calculate the minimal possible value of Pgg as

P} = Ppy . (1123)

Similarly, given equation 7.11b, if 0.5 < PP < x*, we can improve on the
method of overlapping percentages and calculate the minimal possible value of
Pyw as

P = Paw™ (7.12b)

We will refer to the bounds given in equations 7.12a and 7.12b as the
method of ‘simple percentages’ (Loewen and Grofman, 1989)*% In other
words, if we assume that blacks {whites) are at least as likely as whites (blacks)
to vote for a black (white) candidate, regardless of whether that is a very high
or a very low probability, then, in reasonably homogeneous precincts, we can
take behavior of the precinct as a whole as a lower bound for our estimate of
the choices being made by the preponderant group in the precinct. Thus, if a
precinct that is 70 percent black gives 70 percent of its vote to the black
candidate, we would posit that at least 70 percent of the black voters sup-
ported the black candidate. In contrast, using the Davis-Duncan approach,
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Table 7.1 Estimated raw counts with one negative cell

Number of votes for Number of votes for
the black candidate the white candidate

Number of black voters 400 Npg Npw
416 —16

Number of white voters 600 Nws Nww
84 516

we could only say that at least 57 percent of the black vote in that precinct
went to the black candidate.

Estimates of proportions outside the feasible 0--1 range

In the racial bloc voting context, Alan Lichtman (personal communication,
1990) has proposed a simple way to cope with estimates that are outside the
[0, 1] range. We set those values to 0 or 1, and estimate how many votes we
need to account for. Then we shift raw votes accordingly in the cells of a table
of estimated raw votes, in such a fashion as to preserve row and column mar-
ginals. Thus if we estimated Pyy as 104 percent, and we also estimated that
there were a total of 400 black voters and 600 white voters, then this would
mean that we were assigning the black candidate 416 votes from black voters
(see Table 7.1).

To correct for the estimates over 100 percent and below zero, we would add
16 votes for the black candidate to white voters, raising Ny from 84 to 100
{and thus raising Pyy from 0.14 to 0.16), and to compensate for the marginals,
we would also subtract 16 votes from white support for the white candidate,
thus lowering Ny from 516 to 500 (and, correspondingly, lowering Pl from
0.86 to 0.83) (see Table 7.2).

Of course, if cell values are only slightly outside the feasible range, the effect
of controlling for marginals is trivial, and thus we might simply set values to 0
or 1 and not bother to make further adjustments in cell values.*®

Table 7.2 Corrected estimated raw counts with no negative cells

Number of votes for Number of votes for
the black candidate the white candidate

Number of black voters 400 Ny,  Npw
400 6
Number of white voters 600 Nws Nuww

166 500

TR TR P )

o
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Reliability of ecological inference

In my view, there are conditions under which valid ecological inference is
possible, especially when various modifications to the basic Goodman
approach are used, and when the Goodman approach is combined with ideas
inspired by the work of Duncan and Davis (1953) and with applications of
external knowledge about plausible constraints on relationships among
~ parameters, such as those made use of by Shively (1969) and Claggett and Van -
“Wingen (1993). For example, we have shown how the double-equation linear
regression method developed for use in voting rights litigation (Grofman et al., 1
19%5) can improve the sstimates of bloc voting in situations where data on the
racial proportions in the actual electoraté’is unknown, but where data on the
facial composition of the eligible electorate within each voting unit is knowi.
We have also shown how data on homogeneous precincts may be used to
provide supplementary information about the extent of polarized voting, if we
make the plausible assumption that a group’s level of support for a candidate
of choice who is a member of the group is at least as high as the support levels
for that candidate of those who are not in the group. And we have shown that, ]
at least in the racial bloc voting context, estimates outside the [0, 1] range, if
not too far outside that range, may be dealt with in a relatively straightfor- w
ward way.

Our discussion is relevant to the general debate among social scientists and
statisticians about the circumstances under which reliable inference about
individual-level behavior is possible using methods of aggregate data analysis.
Because I have elsewhere written extensively about this topic,>® here I focus
on three points. First, cross-sectional applications of ecological mference are
inherently less problematic than cross-temporal applications. Second, linear
ecological regression can often still work quite well even when one or more of
the groups whose behavior is being analyzed is arguably non-homogeneous. )
‘Third, linear ecological regression to analyze racial bloc voting patterns can,
under not implausible circumstances, yield sufficiently reliable estimates even
when we posit the ‘true’ model to be one where there are context effects giving

rise to heteroskedasticity.

Greater reliability of cross-sectional as compared to cross-temporal models

It is my contention that cross-sectional applications of Goodman’s technique
to election data such as those used in recent voting rights cases do not give
rise to as many problems as the usual cross-temporal voting applications
because (a) we do not have to worry about the extent to which the pool of
potential voters has changed over time; (b) the restriction to a single election
makes it more plausible that similar factors are affecting voters of each group;
{c) the cross-sectional applications of the Goodman model m the voting rights
literature are almost invariably to narrowly delimited geographic areas, again
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making it more plausible to posit that similar factors are affecting voters of
each group; and (d) in the usual voting rights applications of the Goodman
model, data are available on very small units of aggregation in which we nor-
mally will have sufficient range in both the dependent and independent vari-
ables to develop reliable estimates of the underlying relationships.”*

Reasonable accuracy even when groups are technically non-homegeneous

It has been asserted that a necessary condition for the use of ecological regres-
sion is that groups be homogeneous, in the technical sense of that term (Lupia
and McCue, 1990: 365). I am skeptical of this claim. In their own example of
voting in the 14th Councilmanic District'in Los Angeles, as I showed above,
the partitioning methodology they used did not demonstrate any real
improvement over the Goodman approach.>? I believe the title of Lupia and
McCue’s 1990 article, “‘Why the 1980s Measures of Racially Polarized Voting
are Inadequate for the 19905’ is unjustified. Given its data requirements, the
potential for practical use of the partitioning methodology is suspect in court-
room situations where minority plaintiffs do not have resources to fund com-
plicated computer analyses.’® Moreover, as the authors recognize, the
partitioning methodology is still not fully developed or tested. That makes it
particularly vulnerable in courtroom situations to obfuscations by competing
. expert witnesses as to whether it has been applied correctly and whether its
findings are reliable (cf. the discussion of the flaws in multivariate methods for
making causal claims about voting in Grofman, 1993b).%*

Reliable estimates even when there are context effects giving rise to
heteroskedasticity

In applying the linear ecological regression to estimate racial bloc voting,
Owen and Grofman (1994 forthcoming) show that the accuracy of the linear
model will depend on the nature of the distribution of minority voting
strength and of the magnitude of the probable contextual effects. In particular,
if most whites/Anglos live in areas geographically segregated from those of
most minority members and/or if most members of the minority group live in
geographically segregated neighborhoods andjor if the magnitude of the
context effect is relatively small and can be well approximated by a quadratic
relationship, then linear ecological methods will provide good estimates of
averages levels of bloc voting of both the minority and the non-minority elec-
torate, despite the fact that a linear model omits potentially important vari-
ables that would give rise to what appear to be contextual effects. This point is
further reinforced by various empirical work matching ecological regression
estimates in biracial contests with data from exit polls {see especially Grofman,

s
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1991a: Lichtman, 1991; Loewen et al, 1993). Similarly, the work of Kohfeld
and Sprague (1992), using the Boudon quadratic contexinal model, shows that
contextual effects are relatively small in most of the biracial contests in St
Louis that they examine.*”
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Notes

1. In this chapter we will focus on the analysis of voting behavior; however, the
methods we review can usuaily be readily adapted for use in other contexts.

2. The distinction between aggregated data and individual-level data is not the same
as the distinction between survey and non-survey data. Survey data might be about
the behavior/attitudes/characteristics of colective entities such as churches or
PTAs. Also, the line between individual-level and aggregate data is not hard and
fast: for example, sometimes survey data at the individual level are aggregated to
provide insight about behavior in various groupings, such as particular political
constituencies, or controls are introduced for geographic location to iook for
context effects (see, e.g., Wright, 1577).

3. See also Claggett and Van Wingen {1993).

4. We argue below that very few regressions on ecological units are really ecological
regressions in the sense of being directed toward inferences about individual-level
parameters. . -

5. For reasons of space, this topic will not be pursued here; see Grofman (1991b,
1991¢). :

6. We argue below that, in general, the former are less likely to give rise to fallacious
inference than the latter. B

7. Following Grofman (1987) and Loewen and Grofman (1989), we argue that the
failure to use consistent denominators can give rise to Important error bias. See
below.

8 Hers, inter alia, we suggest that there are circumstances where, because of multi-
colfinearity or identification problems, simple models may do better for purposes of
ecological inference than more complicated ones.
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Here we focus on one particular quadratic context model, found in Bouden (1963),
used by Sprague (1976}, Miller (1977} and Grofman (1987}

Here we show how use of general political science knowledge about racial bloc
voting can help specify what is most probable given the observed data.

Ecological units need not be geographic in nature: for example, they might refiect
institutional types. However, for simplicity of exposition, we shall use examples
where the unit of analysis is geographically rooted.

See, e.g., literature reviewed on the effects of election fype on minority representa-
tion in municipal government, in Grofman'and Davidson {1994).

'This is true, for example, of most of the essays in Berglund and Thomsen {1990}

. When individual-level inference is our concern, we must be especially cautious to

minimize the risk of committing ecological fallacies of the sort warned about by
Robinson {1950). We consider this topic in the concluding section of this paper.
That is, that errors are essentially uncorrelated with the independent variable x.

We omit discussion of how to calculate a confidence range around each of these
parameter estimates {see Grofman and Migalski, 1988).

A variety of techniques have been devised to novm with this problem (see, eg.,
Brown, 1982; Falter and Zinti, 1988).

See discussion below.

Note that we use n — 1 groups as independent variables rather than n groups, just
as in the case of two groups we used one group’s proportion as the sole indepen-
dent variable. Because the total population is fixed, we may use a bookkeeping
equation to solve for the residual category. Aliernatively, we might be able to study
multiple groups by considering each group and its complement in a series of
bivariate regressions, and then solving a set of simultaneous equations based on the
estimates so derived. Because of systematic patterns in the way the various groups
are spatially distributed relative to one another, reliable estimates from this latter
approach may not always be possible.

In addition to differences in socio~-demographic attributes and life histories, individ-
uzls may differ simply in terms of their geographical context (defined in terms of
characteristics of the ecological unit in which the individual finds himself or
hersel),

Adding non-voting as an option can be thought of as adding a third choice. As an
alternative to modeling trichotomous behavior (vote for D, vote for not-D, don’t
vote) in multivariate terms, we show befow that if is possible to estimate each of the
first two behaviors from a bivariate regression equation, and then use 2 book-
keeping equality to solve for the third type of behavior as a residual category.
Lupia and McCue (1990: 376 at n. 28) quote Shively (1969} as saying that ‘The lack
of interest in ecological regression is probably due to the fact that errors in estima-
tion are likely to turn up either as negative percentage, or as percentages which are
greater than one hundred. This is disheartening to the researcher, mua is difficult to
present to his colleagues’.

Of course, most such ‘improvements’ also add complexity and &Eoﬁ invariably
create new measurement and data problems.

Because this topic has been dealt with much more extensively by Philip Shively
(1969, 1975, 1991) and other authors, such as Claggett and Var Wingen (1993), we
focus on one simple modification of the Duncan and Davis technique, the method.
of ‘simple’ percentages {Loewen and Grofman, 1989), which we apply to the study
of racial voting patterns.

In Thornburg v. Gingles, 478 US 30 (1986), the Supreme Court in 1986 identified &
requisite level of racial bloc voting as one of the basic factors in the proof of a
minority vote dilution challenge to an at-large or multimember district system
under the 1982 amendments of the Voting Rights Act of 1965. Subsequent cases
made racial bloc voting a crucial element in challenges to single-member-district-



P R T

]
'

146 . B. Grofman

26.

27

28.

28.
30.

31.

32

33,
34

35

36

37

38.
39,

plans as well. For a discussion of legal issues in voting rights, see Grofman and
Handiey (1992); Grofman, et al. (1592).

Whether the black candidate is also the candidate of choice of the {majority of)
black voters is a matter for empirical determination. For discussion of legal issues
in defining ‘candidate of choice’ see Grofman, et al. (1992).

Note that x no longer has the same meaning as in the previous section, where x
was defined in terms of the actual electorate.

In the USA, while registration data by race are available only for a few states, data
on voting age population (or citizen voting age population) by race are available
for census units, and these census units can then be matched to glectoral precincts.
See Goodman (1953).

The homogeneity assumption, which is probabilistic in nature, is sometimes
referred to, rather misieadingly, as the ‘constancy’ assumption (Freedman et al.,
1991).

There are many different subgroupings possible, and no good way is known as yet
to determine which partitioning into subgroups should be vsed. However, as Lupia
and McCue (1990: 369) observe, ‘research on this [partitioning] problem is stili in
its infancy’.

In contrast, Professors Jerome Sacks and David Freedman, who were expert wit-
nesses for the County, as part of their unsuccessful general attack in the Gorza trial
on the validity of ecological methods (see Freedman et al, 1991) argued that the
failure to obtain reliable estimates for subgroup voting showed the general unreli-
ability of ecological regression. For rebuttals to the Freedman et ol nihilistic views
of the impossibility of valid ecological inference, see Grofman (19912, 1593a), Licht-
man (1991), Loewen et al. {1993),

Heard sub nom Thornburg v. Gingles, 478 US 30 (1986).

While I had data only on the marginals (total number of registered Democrats and
Republicans, total numbers of white and black registrants), I could estimate the
number of white Democrats by positing that 95 percent of the black registrants
were Democrats.

Of course, because of stark patterns of residential segregation in most of the North
Carolina jurisdictions 1 examined, estimating average white and average black
voting behavior could be reliably done simply by looking at voting in the racially
homogeneous precincts of each group (see Table 1 in Grofman, et al., 1985).

1t is important to remember that white and black are racial categories; Hispanics
may be of any race.

This is the type of situation that tripped up expert witness Race Davies in his
testimony for black plaintiffs in Badillo v. City of Stockton (D. Cal. 1989) 956 F 2nd
884. 'The bivariate analyses he performed in that case of the Jackson—Dukakis vote

in Stockton, using Hispanic voting age proportion as the dependent variable, went -

awry because the black and Hispanic populations were commingled and there were
no homogeneous black or homogeneous Hispanic precincts to use as a check. He
estimated Hispanic support for Jackson at around 90 percent; the figure derived
from exit poll data was closer to 30 percent. However, if we were to switch to
multivariate three-group regression, estimates of Jackson support from Hispanic
voters would match up reasonably well with those from exit polls. (The analyses
leading to this conclusion were completed after a dispute between the plaintiffs’
attorneys led to my being withdrawn as an expert witness in the Stockton case.)
This is rather like curing the disease (heteroskedasticity) by killing the patient!

This model has been proposed by a number of different authors, 1 gained my famil-
iarity with it from Miller (1977). John Sprague (Sprague, 1976; Kohfeld and
Sprague, 1992) attriturtes it to Boudon (1963}

40. The neighborhood model of Freedman et al. {1991) can be thought of as a special

case of this model, one where @, = a,. Not only is this a restrictive condition in
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general, but it can never happen when a, and a, are of opposite sign. These two
parameters will be of opposite sign if there is a context effect in which the will-
ingness of blacks to vote for black candidates increases among blacks who live in
blacker precinets, but white solidarity behind white candidates also increases the
blacker is the precinet population (see below). For a fusther discusson of the Freed-
man et al. (1991) model, see Grofman (1991a), Lichtman (1991) and Loewen ef al.
{1993).

See Miller (1977) and discussion of this special case of the general model in
Grofman (1987).

See Owen and Grofman (1994 {orthcoming).

For example, we may well derive coefficients that make no sense in terms of the
£0, 1] bounds.

For an excellent example of this approach, see Kohfeld and Sprague (1992).

Of course, there may still be an issue as to how well that behavior generalizes to
other precincts where the racial composition is more mixed. That is why most
experts in voting rights cases draw on both ecological regression and evidence from
homogeneous precincts {see Grofman, et al,, 1992, chapter 4).

Of course, the ceteris paribus assumption might fail if there were a partisan contest
between candidates of different races in which each was from a party opposite to
the party registration heid by a majority of the members of his/her race, e.g. a black
Republican facing a white Democrat.

We leave the proof as an exercise for the reader.

In my testimony it Gingles v. Edminsten, 590 F. Supp. 345 (EDNC 1984), heard sub
nom Thornburg v. Gingles, 478 US 30 (1986), I referred to it as the method of
‘constrained percentages’. .

When testifying as an expert witness in voting rights cases, this is the strategy I
would follow as long as substantive conclusions would be completely unaffected.
See Grofman (1991s, 1991b, 1991c¢, 1993a, 1993b); Grofman and Migalski (1988);
Owen and Grofman (1994 forthcoming).

In contrast, many cross-temporal applications of the Goodman methodology use
relatively large units (such as US counties) as data points. As I have argued else-
where, the Goodman methodology is especially Hkely fo fail when we are estimat-
ing parameters over very large units of aggregation in which the range of variation
is limited in both the dependent and independent variable. Thus, for exampls, eco-
logical regressions to infer racial bloc voting patterns in presidential voting that use
data agpgregated at the level of states will produce nonsensical estimates (see
Grofman, 1993b), ‘

I do not mean to say that the partitioning approach is never useful. As noted
earlier, in the racial bloc voting context, it may sometimes be necessary to examine
separately the behavior of Anglo, black and Hispanic voters in a multivariate
multigroup model (see Engstrom and McDonald, 1987).

The data analysis reported in Lupia and McCue (1990) was funded by the City of
1.08 Angeles, which was a defendant in a voting rights lawsuit brought by the
Mexican-American Lega! Defense and Educational Fund (MALDEF} and the
Department of Justice to overturn the city’s 1981 redistricting plan.

1 should also note that, while I agree with the Lupia and McCue's (1990) criticisms
of the almost exclusive reliance on correlation coefficients by some expert witnesses
in early voting rights cases, all the major errors in interpreting correlations they
refer to occurred in 1984 or earlier, prior to the influential discussion of the differ-
ences between statistical and substantive significance in Grofman et el {1985) and
the Supreme Court’s opinings on that topic in Thornburg v. Gingles 478 US 30
{1986) (which draw on that article and other work by social scientists as well as on
my courtroom testimony in the case: see Grofman, 1992; Grofman ef al, 1992,
chapter 4).
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55. Given the striking degree of racial segregation in 5t Louis, the existence. of rela-
tively small contextual effects does not greatly change estimates of the propensities
of the average black or the average white voter to support black candidates.
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