DAVID B. MALAMENTT

IN D EereNsE OF D oGMA:
WHy THere CANNOT BEA
REeLATIVISTIC QUANTUM M ECHANICS OF
(LocaLizaBLE) PARTICLES

... although it is not a theorem, it is widely believed that
it is impossible to reconcile quantum mechanics and
relativity, except in the context of a quantum field theory.
A quantum field theory is a theory in which the
fundamental ingredients are fields rather than particles;
the particles are little bundles of energy in the field.
(Weinberg 1987, 78-79; italics added)

IN SOME QUARTERS, AT LEAST, IT COUNTS as the “received view"
that there cannot be a relativistic, quantum mechanical theory of
(localizable) particles. In the attempt to reconcile quantum mechanics
with relativity theory, that is, one is driven to a field theory; all talk
about "particles” has to be understood, at least in principle, as talk
about the properties of, and interactions among, quantized fields. I want
to suggest, today, that it is possible to capture this thesis in a convincing
"no-go theorem". Indeed, it seems to me that various technical results on
the "non-localizability” of particles in (so—called) relativistic quantum
mechanics, going back some thirty years, are best understood as versions
of such a theorem.1

I am well aware that not everyone agrees with this interpretation.
Gordon Fleming, who has been centrally involved in this work himself,
has an altogether different view of its significance (if I understand him
correctly). I shall welcome any comments Gordon may have in the dis-
cussion period. But it is not my purpose to have a debate, or try to force
agreement. My remarks are going to be largely expository in character,
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1See Flemi (1965a,b), Hegerfeldt (1974, 1985, 1989), Hegerfeldt and
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and are intended primarily for persons who are not already familiar
with the technical results I have in mind.

The particular theorem I am going to discuss is just a bit different in
surface formulation than ones I have seen in the literature. The differ-
ence is unimportant when it comes to proving the theorem. Standard ar-
guments carry over intact. But it may serve to clarify just how high is
the cost of trying to hold on to a particle theory. I want to use the theo-
rem to argue that in attempting to do so (i.e., hold on to a particle
theory), one commits oneself to the view that the act of performing a
particle detection experiment here can statistically influence the
outcome of such an experiment there, where "here” and "there" are
spacelike related. Of course, this sort of "act-outcome” correlation is to
be distinguished from the sort that involves only the outcomes of the
two experiments.

I have always taken for granted that relativity theory rules out
"act-outcome" correlations across spacelike intervals. For that reason, it
seems to me that the result does bear its intended weight as a "no—go
theorem”; it does show that there is no acceptable middle ground be-
tween ordinary, non-relativistic quantum (particle) mechanics and
relativistic quantum field theory. But I have no inclination to argue if
someone wants to claim, to the contrary, that the existence of such
correlations is compatible with “relativity theory” (properly
understood). I would like to avoid recent controversy concerning the
nature of "causal connection” and "signaling”, and concerning just which
sorts of "non-locality" are and are not excluded by the theory.2 What
seemsto me most important is that there is an empirical issue at stake
here — whether Mother Nature does allow for act-outcome correlations
across spacelike intervals. The point on which I want to stand is this: to
whatever extent we have evidence that She does not allow such
correlations, we have evidence that quantum mechanical phenomena
must ultimately be given a field-theoretic interpretation.

Let me now turn to the theorem itself. One has a choice in discussions
of particle localization. One can consider either localization in regions
of spacetime or in regions of "space”, as determined relative to some
free—falling observer. I am going to opt for the latter because doing so
sharpens a comparison of the classical and relativistic contexts.

Let M be Minkowski spacetime, and let 8 be a family of parallel
spacelike hyperplanes that cover M. (We will be working throughout

2See Maudlin (1994), and references therein.
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with this one family. "Hyperplane dependence”, such as Gordon
Fleming discusses, will play no role here whatsoever.) Let us take a spa-
tial set tobe any bounded open set within some particular hyperplane in
S. (As will become clear, nothing would be lost if we restricted attention
tobounded opensetsthat are, in any desired sense, sufficiently "large”.
The problem we will be discussing is not that of trying to localize parti-
cles in small regions of space, but rather in any bounded regions whatso-
ever, no matter how large.)

Any candidate for a relativistic, quantum mechanical representa-
tion of a single (localizable) particle, presumably, will include the fol-
lowing elements3:

(a) a Hilbert space H (the rays of which represent the
pure states of the particle);

(b) an assignment to each spatial set A of a projection
operator P, onH;

(c) a strongly continuous, unitary representation a - U(a)
inH of the translation group in M.

We think of P, as representing the "proposition” or "eventuality” that
the particle in question would be found in A if a particular detection ex-
periment were performed. We will be interested in four constraints on
the structure

@, A P,, ar> U(a)).

(1) Translation Covariance Condition: For all vectors a in
M, and all spatial sets A,

PA+ a = U(a) PA U(—.)

(where A + a is the set that results from translating A
by the vector a).

3These elements will also be included in a classical representation. The
dAifferenfcoe; is this.ér;‘tll'l\e ref];:;’a]ﬁhf contei(lt,keth; theory determines a 1'epresenl hot:tion
—P ev ily o e celi anes; we are simply choosin
one v»%th which to w}cl)rk In the <s:raassical co}r,\]t):;{), there is only orﬂ:yfamil tg
consider. ((¢), as formulated, makes reference to Minkowski spacetime, but only to
its structure as an affine space. So it too is neutral as between the classical and
relativistic contexts.)
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(2) Energy Condition: For all future directed, unit timelike
vectors a in M, if H(a) is the unique self-adjoint
("Hamiltonian") operator satisfying

U(ta) = e —itl-l(a)1

the spectrum of H(a) is bounded below, i.e., there exists
a real number k(a) such that (¢, H(a) ¢) = k(a) for all
unit vectors ¢ in the domain of H(a).

(3) Localizability Condition: If A; and A, are disjoint
spatial sets in a single (common) hyperplane,

PAI PA2 = PA2 PA] = 0
(where 0 is the zero operator on H).

(4) Locality Condition: If A; and A, are spatial sets (not
necessarily in the same hyperplane) that are
spacelike related

PAI PA2 = PA2 PAI‘

I shall comment on these in turn. The "covariance condition” is quite
weak. It is formulated solely in terms of the translation group, rather
than the full Poincaré group, and is entirely neutral as between a classi-
cal and a relativistic framework. The condition bears the following in-
terpretation. Let A and a be given. P, represents the "proposition” that
the particle would be found in A if a particular detection experiment
were performed. We can imagine conducting that experiment, not at its
original site, but rather at another that is displaced from the first by
the vector a. We understand P, , 4 to represent the "proposition” that if
this particular displaced detection experiment were performed, the par-
ticle would be found in A + a.

The second condition asserts that the energy of the particle, as de-
termined by any free-falling observer, has a finite ground state. If it
failed, the particle could serve as an infinite energy source (the likes of
which we just do not seem to find in nature). Think about it this way. We
could first tap the particle to run all the lights in Canada for a week. To
be sure, in the process of doing so, we would lower its energy state. Then
we could run all the lights for a second week, and lower the energy state
of the particle still further. And so on. If the particle had no finite
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ground state, this process could continue forever. There would never come
a stage at which we had extracted all available energy.

The "localizability condition” captures the requirement that the
particle cannot be detected in two disjoint spatial sets at a given time (as
determined relative to our background free falling observer).4 Notice
that the condition does not rule out the possibility that the particle can
travel with arbitrarily large finite speed; it only rules out "infinite
speed”. This condition too is entirely neutral as between the classical
and relativistic frameworks.

The "locality condition”, in contrast, does impose the stamp of
relativity. It is here, by the way, that I have altered slightly the
formulation that one standardly finds in the literature. Let A; and A, be
spatial sets that are spacelike related, but do not necessarily belong to
the same hyperplane. Usually it is required that the corresponding
projection operators Pa, and Py, be orthogonal, i.e., that they satisfy the
condition formulated in (3). Tﬁe intended interpretation is clear. Since
relativity theory rules out the possibility that the particle travels at
superluminal speed, it should be impossible to detect the particle in two
places, spacelike related to one another. I find this stronger condition
entirely plausible as a constraint on a candidate for a relativistic theory
of a single particle. But it is just not needed. It suffices to require that the
two operators Py, and P5, commute. This weaker condition carries the
following interpretation. Perhaps it is possible for the particle to be de-
tected in both places. Still, the probability that it be detected in A, must
be statistically independent of whether a detection experiment is per-
formed at A,, and vice versa.”

4t is this condition, in the present context, that captures what is essential to a
"particle theory™. In contrast to a particle, a "field" is spread out throughout all of
space and so can, in a sense, be found in two (disjoint) p! at one time.

SThis interpretation is su, ed by the following simple argument that goes
back, at least, to Liiders (1951)*.’%1@ );or grantedutll%at col:\ditional robabi.gties
in quantum mechanics can be computed using the so—called "Liiders rule”. (In effect,
we are restricting attention to a particular class of idealized, non-disturbing
measurements.)

The case of interest is that in which A; and A, are spatial sets that do not
belong to the same hyperplane. Let us assume that A;'s hyperplane is earlier than
A,'s, and let us assume that the particle starts out in a state represented by the
density operator W. If no detection experiment is performed at A,, the probability
that the particle will be detected at A, is given by tr(WP,,). But the probability of
the later event, conditional on the assumption that the detection experiment is
pe;éo;:medatA, (but not conditional on the outcome), is given, instead, by tr(WP,,)
w

W= Py WPy, + (I—Py) W(I-Pyy).
W~ is a mixture of the two outcome states that could result from the first detection
experiment ("particle detected at A" and "particle not detected at A,") weighted by
their respective probabilities. So the condition in which we are interested, the one
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The theorem can now be formulated as follows.

Proposition: If the structure G, ai> U(@@), A— Py) satisfies
conditions (1)«(4), P, = 0 for all spatial sets A.

We can think about it this way. Any candidate relativistic particle
theory satisfying the four conditions must predict that, no matter what
the state of the particle, the probability of finding it in any spatial set
is 0. The conclusion is unacceptable. So the proposition has the force of a
"no—go theorem" to the extent that one considers (1) through (4) reason-
able constraints.

I1

The proposition is an elementary consequence of the following non—
elementary technical lemma of Borchers (1967). The use | will make of it
is almost exactly the same as in Jancewicz (1977). So far as I know, the
first person to recognize the relevance of the lemma to questions of "non—
localizability” was Schlieder (1971).

that captures the requirement that the act of performing the first experiment cannot
statistically inﬂl.ler;:ceeq}l the outcome of the secc}:nd, is:

For all density operators W, t(WPy,)= t(W” Pa,). (=)
But, as we verify below, (z) is strictly equivalent to the condition that Py; and Py,
commute. (Since the latter condition is symmetricinA; and A,, it follows ti\at () is
also equivﬁ;ﬁ to its symmetric counterpart in which the roles of A and A, are
interchanged. :
If Py, and Py, commute, (s) follows immediately from basic properties of the
trace operator. For any density operator W,
(W Pp,) = tr(Pa, WP Pay) + t(I-Pa)W (I~ Ps)Pp)]
= (W Py, Py Pa,) + tfW (1= Pa)Pp, (1~ P4)]
= (W Pp,Pay) + tTW (- Pa)Pay] = tH(WPpy).
Conversely, assume that (s) holds. Let ¢ be any unit vector in , and let W be the
pr(_;jﬁction operator Py whose range is the one-dimensional subspace spanned by
¢

. Then we have
. Pay$) = t(WPy ) = (W’ Pa)) = tr(W Py PaPa,) + tTW (1 - Ps )P, (1~ Pay)]
= (" PAI PMPA1¢) + (’t (I - PAl )PAz(I - PAl) ¢)

So if
A= PAQ - PAIPAZPAI - _PAI)PAz(I - PAI)'
gp,_rﬁ ¢) = O for all unit vectors ¢. Since A is self-adjoint, this is only possible if A =
. Thus,

PA2 = PAIPAQPAI + (I- PAI)PAQ(I - PAI)'
Mul}i‘:iaplying both sides of the equation by Py, first on the left, and then on the right,
we have
PA‘! PA’I = PAIPAZPAI = PAZPAl .
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Lemma: Let V(t)=e ~itH be a strongly continuous, one-parameter
group of unitary operators on a Hilbert space whose generator H

has a spectrum bounded from below. Let P; and P, be two
projection operators such that:

(i) Pl P2 =0, a.nd
(ii) there is an € > 0 such that for all ¢, if ltl<e,
[P, V() P, V(-] =0.

Then P, V() P, V() =0 forallt(and hence V) P, V(-t) P; =0 for
all 1).

The proof of the proposition (from the lemma) is as follows.

Assume that conditions (1) - (4) hold, and let A be any spatial set.
We show that P, = 0. We can certainly find a vector a, tangent to the
hyperplane of A, such that (see figure 1)

(a) Aand A + aare disjoint, and
(b) for all future directed, unit timelike vectors a, and all
sufficiently small t (in absolute value), A and A + a+ ta are
spacelike related.
It follows from (a) and the localizability condition that
@) PpAPprq = PpgPy =0

It follows from (b), the translation covariance condition, and the local-
ity condition that:

®) For all future directed, unit timelike vectors a,, and all suffi-
ciently small t,

[Py, U(ta))P, , o U(~ay)] = [Pa, Payast ‘1] =0

Now we invoke the lemma (taking V() = U(ta)), P, = P5,and P, = P, , )
- it is applicable by the energy condition - and conclude that:

(c) For all future directed, unit timelike vectors a;, and all t,
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P, U(ta)P, , , U(-ta)) = U(ta,)P, , , U(=a,) P, = 0.

and therefore

Py PA+.+(.| = PA+a+t.1PA =0

A+(tr+€)ar

A v fé6. 8 \n _ a

‘a+tag
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Next, let a, be any future directed unit timelike vector. For all suffi-
ciently large t, > 0, the set A + t, a, is to the timelike future of A + a (see
figure 1 again). So we can certainly find a particular t, > 0, and e > 0,
such that A + (1,+1) a, is to the timelike future of A + a for all t with It!
< €. Hence, if itl < ¢, there is a future directed, unit timelike vector a,
and anumbert, such that

A+(+t)ay = A+a+t a;
Therefore, by (¢), if It] < e,
Py Pyy(rtta, = Pas(yita, Pa =0
or, equivalently (by the translation covariance condition),
Py Uta) Py 1 0 Utn) = UGtay) Py 4 0,UC-ta) Py = 0

If we now invoke the lemma again (taking V(t) = U(ta,), P, = P,, and
P, =Py 4 tya,), We may conclude that

P, U(ta) Py 4 1,9,U(-tn) = 0
and therefore (by the translation covariance condition again)
P, Ul(t+ty)m,]1 P, Ul(t+r)a,] =0
forallt. Hence (taking t= -t,), P, =P,P, = 0. [l

The University of Chicago
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