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Model Solutions for Odd-Numbered
Problems in Section 2.4

Problem 2.4.1 Prove that for all vectors u and v in V,

lu+ vl + flu = ol = 2(][ul® + [lv]]*).

Proof Let u and v be vectors in V. Then

lu+ o] + u — vl

<u+v,utv>+ <u—v,u—v>

2<u,u>+2<v, 0>
2 (JJull® + [lo]|). O

Problem 2.4.3 (The measure of a straight angle is 7.) Let p, g, be (distinct)
collinear points, and suppose that ¢ is between p and r (i.e., ﬁ = aﬁ with
0 < a < 1). Show that £(p,q,r) = .

Proof Since p§ = a pf, we have gp = —a pf and gF = (1- a)ﬁ. Hence,
<@, @ > =< —apf, (1—a)pf >= —a(l—a)|pF|
and, since 0 < a < 1,
laB] 1@ = || = a1 —a) Bl = a(1—a)|pF|*.
It follows that

_ <agh qt>
coslélp.an)) = “Emar =~ b

The only number between 0 and 7 whose cosine is —1 is 7. So, £(p,q,r) = 7.
O

Problem 2.4.5 (Right Angle in a Semicircle Theorem) Let p, g, r, 0 be (distinct)
points such that (i) p, o, are collinear, and (i) ||op|| = ||og|| = ||oF]. (So ¢ lies
on a semicircle with diameter LS(p,r) and center 0.) Show that gp L g, and

s
so L(p,q,T) = 5

Proof By (i), we have op = aof for some a. Hence, ||0p|| = |a| ||oF| and,
therefore, by (i), la| = 1. Now a cannot be 1. For if op = of, then

op = of +7p = 0p+7h.



And so it would follow that r? = 0, which is impossible since p and r are
distinct. So @ = —1 and op = —of. This implies that

7t = go+of = —ol —op.

—04 + op.

We also clearly have
@b = 46+ ap

Hence, by (ii) again,

<qb,qt > = < —o{+0p, —of—op>=<0oq, 04>~ <op,op>

[og]1* = llopll* = o.

Thus,q?Lq?and
<ap, qt > _ 0

cos(4(p,q,7)) = lapll llarl

The only number between 0 and m whose cosine is 0 is 5 So, L(p,q,7) = =

O



