CHAPTER 1 0

CONSUMERY’
SURPLUS

When the economic environment changes a consumer may be made better
off or worse off. Economists often want to measure how consumers are af-
fected by changes in the economic environment, and have developed several
tools to enable them to do this.

The classical measure of welfare change examined in elementary courses
is consumer’s surplus. However, consumer’s surplus is an exact measure of
welfare change only in special circumstances. In this chapter we describe
some more general methods for measuring welfare change. These more
general methods will include consumer’s surplus as a special case.

10.1 Compensating and equivalent variations

Let us first consider what an “ideal” measure of welfare change may be. At
the most fundamental level, we would like to have a measure of the change
in utility resulting from some polcy. Suppose that we have two budgets,
{(p®,m®) and (p’,m’), that measure the prices and incomes that a given
consumer would face under two different policy regimes. It is convenient to
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think of (p°, ") as being the status quo and (p’,m’) as being a proposed
change, although this is not the only interpretation.

Then the obvious measure of the welfare change involved in moving from
(p?, mP®) to (p’,m') is just the difference in indirect utility:

w(p’,m') — v(p®,m®).

If this utility difference is positive, then the policy change is worth doing,
at least as far as this consumer is concerned; and if it is negative, the policy
change is not worth doing.

This is about the best we can do in general; utility theory is purely ordi-
nal in nature and there is no unambiguously right way to quantify utility
changes. However, for some purposes it is convenient to have monetary
measure of changes in consumer welfare. Perhaps the policy analyst wants
to have some rough idea of the magnitude of the welfare change for pur-
poses of establishing priorities. Or perhaps the policy analyst wants to
compare the benefits and costs accruing to different consumers. In circum-
stances such as these, it is convenient to choose a “standard” measure of
utility differences. A reasonable measure to adopt is the (indirect) money
metric utility function described in Chapter 7, page 109.

Recall that u(q; p, m) measures how much income the consumer would
need at prices q to be as well off as he or she would be facing prices p
and having income m. That is, u(q; p,m) is defined to be e(g,v(p,m)). If
we adopt this measure of utility, we find that the above utility difference
becomes

wa;p'ym’) — pla; p°, mP).

It remains to choose the base prices ¢. There are two obvious choices:
we may set q equal to p® or to p’. This leads to the following two measures
for the utility difference:

EV = u(p%p',m’) — u(p% p°,m°) = p(p% p',m) ~ m° (10.1)
CV = plp’;p’,m’) — p(p’sp°, m%) = m' — u(p’; p%,m°). '

The first measure is known as the equivalent variation. It uses the
current prices as the base and asks what income change at the current prices
would be equivalent to the proposed change in terms of its impact on utility.
The second measure is known as the compensating variation. It uses the
new prices as the base and asks what income change would be necessary to
compensate the consumer for the price change. (Compensation takes place
after some change, so the compensating variation uses the after-change
prices.)

Both of these numbers are reasonable measures of the welfare effect of a
price change. Their magnitudes will generally differ because the value of a
dollar will depend on what the relevant prices are. However, their sign will
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always be the same since they both measure the same utility differences,
just using a different utility function. Figure 10.1 depicts an example of
the equivalent and compensating variations in the two-good case.

Which measure is the most appropriate depends on the circumstances
involved and what question you are trying to answer. If you are trying to
arrange for some compensation scheme at the new prices, then the com-
pensating variation seems reasonable. However, if you are simply trying to
get a Teasonable measure of “willingness to pay,” the equivalent variation
is probably better. This is so for two reasons. First, the equivalent vari-
ation measures the income change at current prices, and it is much easier
for decision makers to judge the value of a dollar at current prices than at
some hypothetical prices. Second, if we are comparing more than one pro-
posed policy change, the compensating variation uses different bage prices
for each new policy while the equivalent variation keeps the base prices
fixed at the status quo. Thus, the equivalent variation is more suitable for
comparisons among a variety of projects.

Given, then, that we accept the compensating and equivalent variations
as reasonable indicators of utility change, how can we measure them in
practice? This is equivalent to the question: how we can measure (¢, P, ™)
in practice?

We have already answered this question in our study of integrability the-
ory in Chapter 8. There we investigated how to recover the preferences rep-
resented by u{q; p,m) by observing the demand behavior x{p,m). Given
any observed demand behavior one can solve the integrability equations, at
least in principle, and derive the associated money metric utility function.

‘We have seen in Chapter 8 how to derive the money metric utility func-
tion for several common functional forms for demand function including
linear, log-linear, semilog, and so on. In principle, we can do similar calcu-
lations for any demand function that satisfies the integrability conditions.

However, in practice it is usually simpler to make the parametric specifi-
cation in the other direction: first specify a functional form for the indirect
utility function and then derive the form of the demand functions by Roy’s
identity. After all, it is usually a lot easier to differentiate a function than
to solve a system of partial differential equations! ‘

If we specify a parametric form for the indirect utility function, and then
derive the associated demand equations, then estimating the parameters of
the demand function immediately gives us the parameters of the underly-
ing utility function. We can derive the money metric utility function—and
the compensating and equivalent variations——either algebraically or numer-
ically without much difficulty once we have the relevant parameters. See
Chapter 12 for a more detailed description of this approach.

Of course this approach only makes sense if the estimated parameters
satisfy the various restrictions implied by the optimization model. We may
want to test these restrictions, to see if they are plausible in our particular
empirical example, and, if so, estimate the parameters subject to these
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Equivalent variation and compensating variation. In
this diagram the price of good 1 decreases from po to p1. Panel
A depicts the equivalent variation in income—how much ad-
ditional money is needed at the original price po to make the
consumer as well off as she would be facing pi1. Panel B de-
picts the compensating variation in income—how much money
should be taken away from the consumer to leave him as well
off as he was facing price pp.

restrictions.

In summary: the compensating and equivalent variations are in fact ob-
servable if the demand functions are observable and if the demand functions
satisfy the conditions implied by utility maximizatiod. The observed de-
mand behavior can be used to construct a measure of welfare change, which
can then be used to analyze policy alternatives.

10.2 Consumer’s surplus

"Theclassic tool for measuring welfare changes is consumer’s surplus.
If z(p) is the demand for some good as a function of its price, then the
consumer’s surplus associated with a price movement from P top is

f

v
CS= | z(t)dt.

pﬂ

This is simply the area to the left of the demand curve between pY and
pt. It turns out that when the consumer’s preferences can be represented
by a quasilinear utility function, consumer’s surplus is an exact measure
of welfare change. More precisely, when utility is quasilinear, the compen-
sating variation equals the equivalent variation, and both are equal to the
consumer’s surplus integral. For more general forms of the utility function,

Figure
10.1



164 CONSUMERS SURPLUS (Ch. 10)

the compensating variation will be different from the equivalent variation
and consumer’s surplus will not be an exact measure of welfare change.
However, even when utility is not quasilinear, consumer’s surpius may be
a reasonable approximation to more exact measures. We investigate these
ideas further below.

10.3 Quasilinear utility

Suppose that there exists a monotonic transformation of utility that has
the form

Ulzg,z1,...,2) = Tg +w{Xy,..., Tk}

Note that the utility function is linear in one of the goods, but (possibly)
nonlinear it the other goods. For thxs reason we call this a quas:lmear
utility function.

In this section we will focus on the spemal case where k = 1, so that the
utility function takes the form zg +u{z;), although everything that we say
will work if there are an arbitrary mumber of goods. We will assume that
u(x1) is a strictly concave function.

Let us consider the utility maximization problem for this form of utility:

max zg + u(z;)
TGy TL

such that zg + iz =

It is tempting to substitute into the objective function and reduce this
problem to the unconstrained maximization problem

max u{zy) +m — pi2y.
T

This has the obvious first-order condition

w'(21) = p1,

which simply requires that the marginal utility of consumption of good 1
be equal to its price. '

By inspection of the first-order condition, the demand for good 1 is only
a function of the price of good 1, so we can write the demand function
as z1{p1). The demand for good 0 is then determined from the budget
constraint, Ty = m — piz1(p1). Substituting these demand functions into
the utility function gives us the indirect utility function

V(p1,m) = u(@1(p1)) +m — p11(ps) = v(p1) +m,

where v(p;} = w{z1(p1)) — prz1(p2).
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This approach is perfectly fine, but it hides a potential problem. Upon
reflection, it is clear that demand for good 1 can’t be independent of income
for all prices and income levels. If income is small enough, the demand for
good 1 must be constrained by income.

Suppose that we write the utility maximization problem in a way that
explicitly recognizes the nonnegativity constraint on z¢:

max u{z1) + %o
Lo,

such that pyzy +zo =m
Tz = 0.

Now we see that we will get two classes of solutions, depending on whether
xg > 0 or zg = 0. If 29 > 0, we have the solution that we described
above—the demand for good 1 depends only on the price of good 1 and is
independent of income. If zg = 0, then indirect utility will just be given
by u(m/p1)-

Think of starting the consumer at m = 0 and increasing income by a
small amount. The increment in utility is then u'(m/p:)/p1. If this is
larger than 1, then the consumer is better off spending the first dollar of
incoroe on good 1 rather than good 0. We continue to spend on good 1 until
the marginal utility of an extra dollar spent on that good just equals 1; that
is, until the marginal utility of consumption equals price. All additional
income will then be spent on the z¢ good.

The quasiiinear utility function is often used in applied welfare economics
since it has such a simple demand structure. Demand only depends on
price—at least for large enough levels of income—and there are no income
effects to worry about. This turns out to simplify the analysis of market
equilibrium. You should think of this as modeling a situation where the
demand for a good isn't very sensitive to income. Think of your demand
for paper or penciis: how much would your demand change as your income
changes? Most likely, any increases in income would go into consumption
of other goods.

Furthermore, with quasilinear utility the integrability problem is very
simple. Since the inverse demand function is given by pi(z1) = v'(z1), it
follows that the utility associated with a particular level of consumption
of good 1 can be recovered from the inverse demand curve by a simple
integration: '

w(zy) — u(0) = /0 ") dt = fo " () dt.

The total utility from choosing to consume z; will consist of the utility
from the consumption good 1, plus the utility from the consumption of
good O

w(z1(p1)) +m—pz1(p) = ]:1 p(t) dt + m — pri{p1).
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If we disregard the constant m, the expression on the right-hand side of
this equation is simply the area under the demand curve for good 1 minus
the expenditure on good 1. Alternatively, this is the area to the left of the
demand curve.

Another way to see this is to start with the indirect utility function,
v(p;) + m. By Roy’s law, z1(p;) = ~v'(p1). Integrating this equation, we
have

O
v(ipr) +m= f z1 (£} dt + m.
P
Thig is the area to the left of the demand curve down to the price p,
which is just another way of describing the same area as described in the
last paragraph.

10.4 Quasilinear utility and money metric utility

Suppose that utility takes the quasilinear form u(w;) + 9. We have seen
that for such a utility function the demand function ;(p;) will be inde-
pendent of income. We saw above that we could recover an indirect utility
function consistent with this demand function simply by integrating with
respect 0 1.

Of course, any monotonic transformation of this indirect utility function
is also an indirect utility function that describes the consumer’s behavior.
If the consumer malkes choices that maximize consumer’s surplus, then he
also maximizes the square of consumer’s surplus.

We saw above that the money metric utility function was a particu-
larly convenient utility function for many purposes. It turns out that for
quasilinear utility function, the integral of demand is essentially the money
metric utility function.

This follows simply by writing down the integrability equations and ver-
ifying that consumer’s surplus is the solution to these equations. I x1(p1)
is the demand function, the integrability equation is

du(t,q,m
p( ;g, )ﬂmi(t)
plgigm) =m.

It can be verified by direet calculation that the solution to these equations
is given by

w(p;g,m) = /q z1(t) dt +m.

P

The expression on the right is simply the consumer’s surplus associated
with a price change from p to g¢.
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For this form of the money metric utility function the compensating and
equivalent variations take the form

BY = p(p% ¢/, m') - u(@"; 8", m°) = A, p) + 0/ —m”

OV = p(p'; o', m') — (@' 2%, m°) = AQ®, p') +m! ~m®.
In this special case the compensating and equivalent variations coincide. It
is not hard o see the infuition behind this result. Since the compensation
function is linear in income the value of an extra doliar-—the marginal util-
ity of income—is independent of price. Hence the value of a compensating
or equivalent change in income is independent of the prices at which the
value is measured.

10.5 Consumer’s surplus as an approximation

We have seen that consumer’s surplus is an exact measure of the compen-
sating and equivalent variation only when the utility function is quasiiinear.
However, it may be a reasonable approximation in more general circum-
stances.

For example, consider 2 situation where only the price of good 1 changes
from p® to p’ and income is fixed at m = m? = m'. In this case, we can
use the equation (10.1) and the fact that x(p;p, m) = m to write

EV = u(p%p',m) — u(p" 0%, m) = p(0%p',m) — ule'sp',m)
OV = u(p';p',m) ~ u(p’s p°y m) = p(p®p°, m) — u(v'; %, m).
We have written these expressions as a function of p alone, since all other
prices are assumed to be fixed, Letting u® = v(p®, m) and v’ = v(p’,m) and
using the definition of the money metric utility function given in Chapter 7,
page 109, we have
EV = e(p%,u') — e(p/,u)
CV = e(p’,u) — e(p',u°).
Finally, using the fact that the Hicksian demand function is the derivative

of the expenditure function, so that h(p,u) = 8e/0p, we can write these
expressions as

BV = e(p°,u) — e(p/ ) = f p h(p, ) dp
F (10.2)

pD
OV = e(°, %) —e(p,v°) x/ h(p, °) dp.
pl

It follows from these expressions that the compensating variation is the
integral of the Hicksion demand curve associated with the initial level of
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utility, and the equivalent variation is the integral of the Hicksian demand
curve associsted with the final level of utility. The correct measure of
welfare is an integral of a demand curve—but you have to use the Hicksian
demand curve rather than the Marshallian demand curve.

However, we can use (10.2) to derive a useful bound. The Shutsky equa-
tion tells us that

Oh{p,u) _ dz(p,m) + Az(p,m

)
ap dp am 2(p,m).

If the good in question is a normal good, the derivative of the Hicksian
demand curve will be larger than the derivative of the Marshallian demand
curve, as depicted in Figure 10.2.

QUANTITY

Bounds on consumer’s surplus. For a normal good, the
Hicksian demand curves are steeper than the Marshallian de-
mand curve. Hence, the area to the left of the Marshallian de-
mand curve is bounded by the areas under the Hicksian demand
curves.

It follows that the area to the left of the Hicksian demand curves will
bound the area to the left of the Marshallian demand curve. In the case
depicted, p° > p' so all of the areas are positive. It follows that EV >
consumer’s surplus > C'V.

10.6 Aggregation
The above relationships among compensating variation, equivalent vari-

ation, and consumer’s surplus all hold for & single consumer. Here we
investigate some issues involving many consumers.
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We have seen in Chapter 9, page 153, that aggregate demand for a good
will be a function of price and aggregate income only when the indirect
utility function for agent i has the Gorman form

vi{p, M) = ai(p) + b(pjmi.

In this case the aggregate demand function for each good will be derived
from an aggregate indirect utility function that has the form

V(pa M) = Z a?-(p) + b(p}Mw

i=1

where M = Y% m;.
We saw above that the indirect utility function associated with quasilin-
ear preferences has a form

v, (p) + m;.

This is clearly a special case of the Gorman form with b(p) = 1. Hence,
the aggregate indirect utility function that will generate aggregate demand
is simply V(p) + M = 3.0 vi{p) + iy M-

How does this relate to aggregate consumers’ surplus? Roy’s law shows
that the function v;(p) is given by

vi(p) = ] " gelt) dt.

It follows that

vie)=Y u=Y [
FECRS

o0 oo N

2i(t) dt = f S () dt.
iz=1 VP o=l
That is, the utility function that generates the aggregate demand function
is simply the integral of the aggregate demand function.
- If all consumers have quasilinear utility functions, then the aggregate
demand function will appear to maximize aggregate consumer’s surplus.
However, it is not entirely obvious that aggregate consumer’s surplus is
appropriate for welfare comparisons. Why should the unweighted sum of a
particular representation of utility be a useful welfare measure? We exam-
ine this issue in Chapter 13, page 225. As it turns out, aggregate consuiners’
surplus is the appropriate welfare measure for quasilinear utility, but this
case is rather special. In general, aggregate comsumers’ surpius will not
be an exact welfare measure. However, it is often used as an approximate
measure of consumer welfare in applied work.
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10.7 Nonparametric bounds

We've seen how Roy’s identity can be used to calculate the demand function
given a parametric form for indirect utility. Integrability theory can be used
to calculate a parametric form for the money metric utility function if we
are given a parametric form for the demand function. However, each of
these operations requires that we specify a parametric form for either the
demand function or the indirect utility function.

It is of interest to ask how far we can go without having to specify a
parametric form. As it $urns out it is possible to derive tight nonparametric
bounds on the money metric utility function in an entirely nonparametric
way.

‘We've seen in the discussion of recoverability in Chapter 8 that it is pos-
sible to construct sets of consumption bundles that are “revealed preferred”
or “revealed worse” than a given consumption bundle. These sets can be
thought of as inner and outer bounds to the consumer’s preferred set.

Let NRW (z0) be the set of points “not revealed worse” than zy. This
is just the complement of the set RW (zo). We know from Chapter 8 that
the true preferred set associated with zg, P{xg), must contain RP(z;) and
be contained in the set of points NRW (zg).

We illustrate this situation in Figure 10.3. In order not to clutter the
diagram, we've left out many of the budget lines and observed choices and
have only depicted RP(z¢) and RW(z¢). We've also shown the “true”
indifference curve through xo. By definition, the money metric utility of
xy is defined by

m(p, %o) = min px

such that u(x) > u(xq).
This is the same problem as
m(p,Xop) = min px
such that = in P(xg).
Define m™{(p, xq) and m™ (p, o) by
m* (p, o) = min px
such that z in NEW (xg),

and
m™{p, %g) = min px
x

such that z in RP{xg).

Since NRW (zg) O Plxo) D RP{xg), it {oliows from the standard sort of
argument that m*(p,x;) > m{p, %) = m~(p, Xo). Hence, the overcom-
pensation function, m*{p,xp), and the undercompensation func-
tion, m™(p, Xo}, bound the true compensation function, m{p, %xo).
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Bounds on the money metric utility. The true preferred
set, P(xp), contains RP(xo) and is contained in NRW (xo).
Hence the minimum expenditure over P(xy) lies between the
two bounds, as illustrated.

Notes

The concepts of compensating and equivalent variation and their relation-
ship to consumer’s surplus is due to Hicks (1956). See Willig (1976) for
tighter bounds on consumer's surplus. The nonparametric bounds on the
money metric utility fanction are due to Varian (1982a).

Exercises

10.1. Suppose that utility is quasilinear. Show that the indirect utility
function is a convex function of prices.

10.2. Elsworth’s utility function is U(z,y) = min{z,y}. Ellsworth has
$150 and the price of z and the price of y are both 1. Ellsworth’s boss is
thinking of sending him to another town where the price of z is 1 and the
price of y is 2. The boss offers no raise in pay. Ellsworth, who understands
compensating and equivalent variation perfectly, complains bitterly. He
says that although he doesn’t mind moving for its own sake and the new
town is just as pleasant as the old, having to move is as bad as a cut in
pay of $A. He also says he wouldn’t mind moving if when he moved he gOt
a raise of $8. What are A and B equal to?

Figure
10.3
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EXTERNALITIES

When the actions of one agent directly affect the environment of another
agent, we will say that there is an externality. In a consumption ex-
ternality the utility of one consumer is directly affected by the actions of
another consumer. For example, some consumers may be affected by other
agents’ consumption of tobacco, alcohol, loud music, and so on. Consumers
might also be adversely affected by firms who produce pollution or noise.

In production externality the production set of one firm is directly
affected by the actions of another agent. For example, the production of
smoke by a steel mill may directly affect the production of clean clothes by
a Jaundry, or the production of honey by a beekeeper might directly affect
the level of output of an apple orchard next door.

In this chapter we explore the economics of externalities. We find that in
general market equilibria will be inefficient in the presence of externalities.
This naturally leads to an examination of various suggestions for alternative
ways to allocate resources that lead to efficient outcomes.

The First Theorem of Welfare Economics does not hold in the presence
of externalities. The reason is that there are things that people care about
that are not priced. Achieving an efficient allocation in the presense of
externalities essentially involves making sure that agents face the correct
prices for their actions.
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24.1 An example of a production externality

Suppose that we have two firms. Firm 1 produces an output o which it
sells in a competitive market. However, the production of © imposes a cost
e(z) on firm 2. For example, suppose the technology is such that x units of
output can only be produced by generating z units of pollution, and this
pollution harms firm 2. _

Letting p be the price of output, the profits of the two firms are given by

71 = max pz — c()
T
7y = —e(x).

‘We assume that both cost functions are increasing and convex as usual. (It
may be that firm 2 receives profits from some production activity, but we
ignore this for simplicity.)

The equilibrium amount of output, z,, is given by p = ¢/(z,). However,
this output is toc large from a social point of view. The first firm takes
account of the private costs—the costs that it imposes on itself—but it
ignores the social costs—the private cost plus cost that it imposes on the
other firm.

In order to determine the efficient amount of output, we ask what would
happen if the two firms merged so as to internalize the externality. In
this case the merged firm would maximize total profits

= max pr — e(z) — e(z),

and this problem has first-order condition

p=c(xe) + €' (z.). (24.1)
The output . is an efficient amount of output; it is characterized by price
being equal to marginal social cost.
24.2 Solutions to the externalities problem
There have bee.n several solutions proposed to solve the inefficiency of ex-
ternalities.
Pigovian taxes -
According to this view, firm 1 simply faces the wrong price for its action,

and a corrective tax can be imposed that will lead to efficient resource
allocation. Corrective taxes of this sort are known as Pigovian taxes.
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Suppose, for example, that the firm faced a tax on its output in amount t.
Then the first-order condition for profit maximization becomes

p=c{z)+t.

Under our assumption of a convex cost fuiiction we can set ¢ = €'(z.), which
leads the firm to choose z = T, as determined in equation (24.1). Even if
the cost function were not convex, we could simply impose a nonlinear tax
of e(x) on firm 1, thus leading it to internalize the cost of the externality.

The problem with this solution is that it requires that the taxing au-
thority know the externality cost function e(x). But if the taxing authority.
knows this cost function, it might as well just tell the firm how much to
produce in the first place.

Missing markets

According to this view, the problem is that firm 2 cares about the pellution
generated by firm 1 but has no way to influence it. Adding a market for firm
2 to express its demand for pollution—or for a reduction of pollution—will
provide a mechanism for efficient allocation.

In our model when z units of output are produced, z units of pollution
are unavoidably produced. If the market price of pollution is 7, then firm 1
can decide how much pollution it wants to sell, z3, and firm 2 can decide
how much it wants to buy, 23. The profit maximization problems become

m, = max pxy + rey — c{e1)
Z1

7y = max —riay — (T )
T2

The first-order conditions are

p+r=7c(x)
—r = ¢'(x2).

When demand for pollution equals the supply of pollution, we have x; = 2,
and these first-order conditions become equivalent to those given in (24.1).
Note that the equilibrium price of pollution, 7, will be a negative number.
This is natural, since pollution is a “bad” not a good.

More generally, suppose that pollution and output are not necessarily
produced in a one-to-one ratio. If firm 1 produces z units of output and y
units of pollution, then it pays a cost of c(z,y). Presumably increasing y
from zero lowers the cost of production of x; otherwise, there wouldn’t be
any problem.
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In the absence of any mechanism to control pollution, the profit maxi-
mization problem of firm 1 is

max pz — {2, y),
z,y .

which has first-order conditions

_ Oc(z,y)

>

_ Bc(z,y)
0= T

Firm 1 will equate the price of poilution to its marginal cost. In this case
the price of pollution is zero, so firm 1 will pollute up to the point where
the costs of production are minimized.

Now we add a market for pollution. Again, let 7 be the cost per unit
of pollution and y; and y» the supply and demand by firms 1 and 2. The
maximization problems are

my = max px +ryr — (@, Y1)
&,
g = max —ryz — e(ya).
. Y2

The first-order conditions are

_ de(z, y1)
P= "5
e Be{z, 1)

oy
o Oelya)
e m—-“”“”“ay2 .

Equating supply and demand, so y; = yz, we have the first-order conditions
for an efficient level of z and y.

The problem with this solution is that the markets for pollution may
be very thin. In the case depicted there are only two firms. There is no
particular reason to think that such a market wili behave competitively.

Property rights

According to this view, the basic problem is that property rights are not
conducive to full efficiency. If both technologies are operated by one firm,
we have seen that there is no problem. However, we will see that there
is a market signal that will encourage the agents to determine an efficient
pattern of property rights.



436 EXTERNALITIES (Ch. 24)

If the externality of one firm adversely affects the operation of another,
it always will pay one firm to buy out the other. It is clear that by co-
ordinating the actions of both firms one can always produce more profits
than by acting separately. Therefore, one firm could afford to pay the
other firm its market value (in the presence of the externality) since its
value when the externality is optimally adjusted would exceed this current
market vaiue. This argument shows the market mechanism itself provides
signals to adjust property rights to internalize externalities.

‘We have already established this claim in some generality in the proof of
the First Welfare Theorem in Chapter 18, page 345. The argument there
shows that if an allocation is not Pareto efficient, then there is some way
that aggregate profits can be increased. A careful examination of theo-
rem shows that all that is necessary is that all goods that consumers care
about are priced, or, equivalently, that consumers’ preferences depend only
on their own consumption bundles. There can be arbitrary sorts of produc-
tion externalities and the proof still goes through up to the last line, where
we show that aggregate profits at the Pareto dominating allocation exceed
aggregate profits at the original allocation, I there are no production exter-
nalities, this is a contradiction. If production externalities are present, then
this argument shows that there is some alternative production plan that
increases aggregate profits—hence there is a market incentive for one firm
to buy out the others, coordinate their production plans, and internalize
the externality.

Essentially, the firm grows until it internalizes all relevant production
externalities. This works well for some sorts of externalities, but not for
all. For example, it doesn’t deal very well with the case of consumption
externalities, or the case of externalities that are public goods.

24.3 The compensation mechanism

We argued above that Pigovian taxes were not adequate in general to solve
externalities due to the information problem: the taxing authority in gen-
eral can’t be expected to know the costs imposed by the externalities.
However, it may be that the agents who generate the externalities have a
reasonably good idea of the costs they impose. If so, there is a relatively
simple scheme to internalize the externalities.

The scheme involves setting up a market for the externality, but it does
so in a way that encourages the firms to correctly reveal the costs they
immpose on the other. Here is how the method works.

Announcement stage. Firm i = 1,2 names a Pigovian tax ¢; which may
or may not be the efficient level of such a tax.

Choice stage, If firm 1 produces z units of outpus, then it has to pay
a tax tox, and firm 2 receives compensation in the amount of f1z. In
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addition, each firm pays penalty depending on the difference between their
two announced tax rates.

The exact form of the penalty is irrelevant for our purposes; all that
matters is that it is zero when #; = t, and positive otherwise. For purposes
of exposition, we choose a quadratic penalty. In this case, the final payoffs
to firm 1 and firm 2 are given by

1y = MaX pr - e(z) — toz — (t1 ~ t2)®
o =112 — e(a:) at (tg - f,'g)z.

We want to show that the equilibrium outcome to this game involves
an efficient level of production of the externality. In order to do this, we
have to think a bit about what constitutes a reasonable equilibrium notion
for this game. Since the game has two stages, it is reasonable to demand
a subgame perfect equilibrium—that is, an equilibrium in which each
firm takes into account the repercussions of its first-stage choices on the
outcomes in the second stage. See Chapter 15, page 275.

As usual, we solve this game by looking at the second stage first. Con-
sider the output choice in the second stage. Firm 1 will choose z to satisty
the condition

pe=c(z) + o : (24.2).

For each choice of #5, there will be some optimal choice of #(ts). If ¢”(z) >
0, then it is straightforward to show that 2’(f3) < 0.

Tn the first stage, each firm will choose tax rates so as to maximize their
profits. For firm 1, the choice is simple: if firm 2 chooses {3, then firm 1
also wants to choose

t; =t. (24.3)

To check this, just differentiate firm 1’s profit function with respect to ¢y.
Things are a little trickier for firm 2, since it has to recognize that its

choice of &5 afects irm 1’s output through the function z{ts). Differenti-

ating firm 27s profit function, taking account of this influence, we have

’.ﬂ'é(tz) == (tl - 8’(9&‘))%’&2) b (tg - tl) = 0. (244)
Putting (24.2), (24.3), and (24.4) together, we find
p=c(z)+¢€(z),

which is the condition for efficiency.

This method works by setting opposing incentives for the two agents.
It is clear from (24.3) that agent 1 always has an incentive to match the
announcerent of agent 2. But consider agent 2’s incentive. If agent 2
thinks that agent 1 will propose a large compensation rate t; for him,
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then he wants agent 1 o be taxed as little as possible—so that agent 1
will produce as much as possible. On the other hand, if agent 2 thinks
that 1 will propose a small compensation rate for him, then agent 2 wants
agent 1 to be taxed as much as possible. The only point where agent 2 is
indifferent about the production level of agent 1 is where agent 2 is exactly
compensated, on the margin, for the costs of the externality.

24.4 Efficiency conditions in the presence of externalities

Here we derive general efficiency conditions in the presence of externalities.
Suppose that there are two goods, an x-good and a y-good, and two agents.
Fach agent cares about the other agent’s consumption of the x-good, but
neither agent cares about the other agent’s consumption of the y-good.
Initially, there are ¥ units of the x-good available and ¥ units of the y-
good.

According to Chapter 17, page 332, a Pareto efficient allocation maxi-
mizes the sum of the utilities subject to the resource constraint

max ayui(®:, 2, Y1) + ooua(ry, T2, y2)
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The efficiency condition is that the sum of the marginal rates of substitution
equals a constant. When determining whether or not it is a good idea
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whether agent 1 should increase his consumption of good 1, we have to
take into account not how much he is willing to pay for this additional
consumption, but how much agent 2 is willing to pay. These are essentiaily
the same conditions as the efficiency conditions for a public good.

It is clear from these conditions how to internalize the externality. We
simply regard x; and z» as different goods. The price of z; is py = Jug/dzy,
and the price of x3 18 py = Ou; /Ox4. If each agent faces the appropriate price
for his actions, the market equilibrium will lead to an efficient outcome.

Notes

Pigou (1920) and Coase {1960) are classic works on externalities. The
compensation mechanism is examined further in Varian (1989b).

Exercises

24.1. Buppose that two agents are deciding how fast to drive their cars.
Agent i chooses speed x; and gets utility u;(z;) from this choice; we assume
that w(z;) > 0. However, the faster the agents drive, the more likely it is
that they are involved in a mutual accident. Let p(z1, z2) be the probability
of an accident, assumed to be increasing in each argument, and let ¢; > 0
be the cost that the accident imposes on agent ¢. Assume that each agent’s
utility is linear in money.

{a) Show that each agent has an incentive to drive too fast from the
gocial point of view.

{b) If agent i is fined an amount #; in the case of an accident, how large
should t; be to internalize the externality?

{c) If the optimal fines are being used, what are the total costs, including
fines, paid by the agents? How does this compare to the total cost of the
accident?

(d) Suppose now that agent ¢ gets utility u;{z) only if there is no acci-
dent. What is the appropriate fine in this case?



