Chapter 2 Construction of Numerzcal
Functions

2.1 REAL-VALUED FUNCTIONS ON SIMPLY ORDERED SETS

In Chapter 1, we defined a simple order to consist of a set with a transitive,
connected, antisymmetric binary relation. Theorem 1.1 established that
any finite simple order can be represented by a finite set of real numbers
together with their natural ordering. Such a representation is unique up to
strictly increasing itransformations of Re onto itself (ordinal scale). Here
we prove similar representation and uniqueness theorems for certain infinite
simple orders. The corresponding results for weak orders follow immediately
from those for simple orders, factoring out equivalence classes of a weak
order to obtain its associated simple order.

it is easy to show that not every simple order can be represented in {Re, =3.
Let 4 = Re X Re, and define = on 4 by

G 2 &)
if and only if either
O x>x or
(i) x=x and y =y

Suppose that ¢ is an isomorphism of {4, Z> into (Re, =). For x in Re,
let $y(x) = $(x, 1) and let 4y(x) = &(x, 0). Since (x, 1) > (x,0) and ¢ is
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order preserving, ¢,(x) > ¢(x). Since every open interval of Re contains
a rational number, there is a rational ¥{x) such that $.{x) > {x} > ¢(x).
Thus, ¢ is a function from Re into the set of rational numbers, denoted Ra.
Moreover, i is one to one, since if x > x, (x, 0) > (¥, 1), so

Px) > po(x) > $ilx) > $x).

However, it is well known that the rational numbers are countable (ie.,
¢an be put into one-to-one correspondence with the set It of positive integers}
and the reals are not countable; therefore, a one-to-one mapping such as
i cannot exist, which implies that the isomorphism ¢ also cannot exist.

The previous example shows that some additional condition must be
imposed on a simple order to obtain an isomorphism into {(Re, =), We
already know that the (structural) assumption of finiteness suffices. We next
prove that it is also sufficient for the set 4 to be countable.

THEOREM 1. Let {4, z) be a simple order. If A is countable, then there
exists a real-valued function ¢ on A such that for all a, b e 4,

azb i $la) = Hb).

Theorem 1 was proved by Cantor (1895),

Since Theorem 1 is merely a step toward a necessary and sufficient
axiomatization, we do not formulate the corresponding aniqueness theorem
at this point. The method of proof involves constructing ¢ precisely as
was outlined in Section 1.1.1; after the values of ¢ have been found for
any finite subset of 4, we find the value for a new element of 4 by locating
the new element between its nearest neighbors in the finite set already
considered and assigning a number between the numbers assigned to
those neighbors. Since A is countable, we construct the value of ¢ for the nth
element of A4 at the mth step; eventually, any given element of A is
reached. The function ¢ is thus considered to be defined over the whole of 4,
since given any particular element a in 4 we know precisely how to construct
the number ¢(a). (The function ¢ is said to be defined by induction.)

PROOF OF THEOREM 1. Let a, denote the element of 4 that corre-
sponds to » in the given one-to-one correspondence between 4 and I+

Define ¢{a;) = 0. If $(2),..., ${a,) have been defined, where n =1,
define ¢{a,,,) as follows:

) fap,>aforallk, 1 <k <nlet dla,,)=n
() IWa,, <o forallk, | <k <n,let $la,,) = —n

(it} If neither (i) nor (i) applies, then there exist 7, /, with 1 <</, j < n,
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such thét a; > o,y > a; and for any k. 1<k <n, either a2 a; or
a; 2 @ . Let (aqn) = 3dlas) + $la)l

By induction, ¢ is defined on alf of 4. To prove that ¢ i§ order preserving,
use mathematical induction: it is obviously order preserving on {a,}, and if
it is order preserving on {&y ,..., @}, then, by the construf:txon of (@41
just given, it is order preserving on {a; ;- .41}, (See Exercise 1.) S

There is a countable subset of the real numbers—the rationals—that is
thoroughly interspersed in the reals in the sense tk_lat .between every two
reals there is a rational. If an uncountable simple order is to be represented
in ¢(Re, =), then one anticipates that it will exhib‘it t_he analogous property.

. In fact, the trouble in the example at the beginning of the chapter is
t‘ precisely that there are uncountably many intervals (_)f form (x, 1} > (x, Q);
therefore no countable set can be found such that it has a representative
in every such interval. Conversely, if an uncountable set does have a countable
subset thoroughly interspersed, then by Theorem 1 we can find a representa-
tion for that subset in (Re, >>). We can then expect to extend the representa-
tion to the whole uncountable set by considering each element of the llaltt.er'
as a limit of elements in the countable subset. This suggests the feasa}nhty
of there being a simple necessary and sufficient condition for a simple
order to be representable in (Re, =), ) .

To make precise the meaning of s#thoroughly interspersed” we introduce

the following technical concept of order dense:

DEFINITION 1. Let (A, =) be a simple order and let B be a subset of A.
Then B is order dense in A iff for all a, ¢ € A such that a’>> ¢, there exists
be Bsuch thata 2 b = e. ‘

THEOREM 2. If (4, =) is a simple order, then the following two condi-
tions are equivalent:

(i) There is a finite or countable order-dense subset of A.
3 (i) There is an isomorphism of {A, Z» into (Re, Z).

., This theorem seems first to have been stated in this generality by Birkhoff

""“‘5"“)“(1948, pp. 31-32), although a result almost as sirong was proved by Cantor
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(1895). The proof sketched by Birkhoff is incomplete. Debreu (1954,

: Lemma Ii) proved that (i) implies (ii}.

For the proof of this theorem, we remind the reader of three elementary
facts about countable sets:

Py ’1-’.3,') 1. Any infinite subset of a countable set is itself countable.

2. If A is countable and B is finite or countable, then A \J B is countable.
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3. The Cartesian product of finitely many countable sets is countable.

(Since the rationals can be regarded as a subset of the Cartesian product
1 x 1, they are countable.)

If (A, Z2> is a simple order and if @, @’ € 4 are such that ¢’ > a and,
for any b€ A, either b = & or a 2 b, then we say that (¢, ¢') is a gap and
that a, a' are endpoints of a gap. With this definition, we can formulate
the following lemma.

LEMMA 1. Let <A, be a simple order and let A* be the set of all
endpoints of gaps. If either (1) or (ii) of Theorem 2 holds, then A* is either
[finite or countable.

PROOF. Let 4,* be the set of upper endpoints of gaps and 4,* be the
set of lower endpoints. .

Suppose that (i) holds, and let B be a finite or countable, order-dense @
subset of 4. By Definition 1, if (a, &) is a gap, then either ae B or ¢’ € B.
Hence, 4,* — B is in one-to-one correspondence with a subset of B (each
upper endpoint not in B corresponds to its Jower endpoint which is in B).
Therefore, 4,* — B is finite or countable, Similarly, 4,* — B is finite or
countable, and we know that A* N B is finite or countable. So A*
== {d* — BYw (4% — B)Yu (4% N B) is finite or countable.

Suppose that (i) holds, and let ¢ be an isomorphism of {4, > into@
{Re, 2> If (e, o) is a gap, then there exists a rational p such that «
(e} > p > ¢{a). This leads to a one-to-one correspondence between A,* Isw;f
and a subset of Ra and to one between 4,* and a subset of Ra, so 4* is

it
finite or countable, & .

o

e

PROOF OF THEOREM 2. Suppose that B is a finite or countablg | =
order-dense subset of 4. Adjoin the greatest and least elements of 4 (if such
exist) to B. Let 4* be the set of endpoints of gaps. By Lemma 1, B* = BU 4*
is finite or countable. By either Theorem 1.1 or 1, there exists an order-
preserving function ¢’ from B* to Re. ‘

For ae d, let ¢(a) be the least upper bound of the set of numbers
{¢'(B)| be B* and a Z b}). For a< B*, obviously ¢{g) exists and equals
¢'(a). To show that ¢{a) exists for a ¢ B*, note that there exist q, , @, with
@y > a > az . By order density, there exist b, , b, € B such that

b ax=bZa.

The set {¢'(B) | b& B* and a > b} is nonempty it contains ¢'(b;)] and is
bounded above [by ¢'(b,)], so its least upper bound ¢(a) exists.

We show that ¢ is order preserving. Suppose that @’ > a. By the construc-
tion of B*, there exist b, &' & B* such that ¢’ = &' > b = a. (If @, ' € B*,
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let b= a, ¥ = o'. If a ¢ B*, then by order density there exists &' € B with
& = b > a, Since (g, ') is not a gap, there exists ¢” with & > a” > g and
hence b € B with @ = b > a. A similar argument holds if a' ¢ B*.) Thus,
$(a) = (b)) > $'(b) = Ha), as required.

Conversely, suppose that ¢ is an isomorphism of {4, 2 into {Re, 2.
Let J be the set of pairs of rational numbers {r, r’) such that for some a € 4,
¥ > ¢(a) > r. For each (r,r)eJ, choose exactly one @& 4 such that
r > ${a) > r, and let B, be the set of eclements so chosen.! Since B, is in
one-to-one correspondence with a subset of Ra X Ra, B, is finite or
countable. Let 4* be the set of endpoints of gaps. By Lemma 1, B = A* U B,
is finite or countable. ’

‘We show that B is order dense in A. Suppose that a > ¢. If (¢, @) is a gap, .

then ¢, ae A* and we can take either of them as b. Otherwise, choose b’
with @ > b" > ¢ and rationals r, ' with ¢(a) > > $(b")} > r > $e).
Thus, {r, ¥Ye J,soforsome b e By, ¢’ > H{b) > r. It follows thata > b > ¢,
as required. &

We next turn to the uniqueness theorem for ordinal measurement, which
is very simple.

THEOREM 3. Let {4, => be a simple order and let §, ¢’ be two functions
satisfying (ii) of Theorem 2. Let R, R' be the respective ranges of ¢, ¢'.
Then there exists g strictly increasing function h from R to R', such that for ail
ac 4, @) = ¢'(a). Moreover, if h is any strictly increasing function on
the range R of a vepresentation ¢ of <A, =, then $'(a) = h{¢(a)] defines
another such representation.

The proof is trivial, e.g., define & on R by A[¢(@)] = ¢'(a), and then
show % is well defined and strictly increasing.

Note that the class of permissible transformations includes all strictly
increasing functions from Re onto Re, but includes others as well. For

Rt . P el
example, there are some strictly increasing functions on/subsety of Re
that cannot be extended to strictly increasing functions on R For finite
sets 4, any permissible transformation on R can be extended to one from
Re onto Re. :

In the proof of Theorem 2, the definition of ¢ on A (i.e., as the least
upper bound of ¢'(b), for be B* and a 2z b) differs in an important way
from the definition of ¢’ on B* (or of ¢ on a countable set, as in Theorem I}.
Since B* is finite or countable, there is a method of obtaining the value of ¢’
for any given element of B* in a finite number of steps. But in order to

! Note the use of the Axiom of Choice. We try to point out its use, or the use of equiva-
lents, throughout the book; we avoid using it when we know how.
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obtain the value of ¢ for an element of 4 — B*, one must first construct ¢’
for every element of B*, which in the countable case requires infinitely
many steps. In Section 2.2, we also use a limiting process to define ¢, but
there we have the possibility of obtaining an approximation to the value of ¢,
with any specified degree of accuracy, in a finite number of steps. The ratio-
scale uniqueness theorem of Section 2.2 leads to a well-defined notion of
accuracy of approximation (percentage error). With only the ordinal
unigueness of Theorem 3, however, there is no suitable notion of approxima-
tion, and so the definition of ¢ is not very satisfactory.

Finally, we note that Debreu (1954, Lemma II) has shown that the order-
preserving function ¢ of Theorem 2 can always be constructed so as to
be continuous in every natural topology on the simple order {4, ). This
is easy to prove once all the required definitions are given, but we shall
not do so since the ideas involved are not used elsewhere in this book. The
essence of the matter is simply this. The function ¢ will be discontinuous if
there are gaps in its range, so that, for instance, a € 4 is the least upper
bound of 4, C 4, with respect to =, but ¢(a) is greater than the least upper
bound of {¢(a") | &' € 4,}. Such gaps can be closed simply by modifying ¢
to close them; for example, if there were only one gap at @, one would
simply subtract the appropriate constant from all values of ¢{a”} for " = a.
Since the set of gaps can only be finite or countable, one can easily arrange
to close them all at once by subtracting appropriate sums (with a finite
or countable number of terms) of constants,

Because of the relatively nonunique measurement for simple orders, we
make little use of the results of this section in the remainder of the book.
Theorem 2 is used in Chapters 7 and 13,

22 ADDITIVE FUNCTIONS ON ORDERED ALGEBRAIC
STRUCTURES

We next formulate and prove several extensions of a classical theorem
of Holder (1901). The first four subsections deal with the main isomorphism
theorem, Theorem 4, due to Krantz (1968), which underlies the construction
of real-valued functions throughout the book, We use the weakest structural
conditions now known; the cost is some slight complications in the statement
of the theorem. For example, we assume that the binary operation o is
defined only for a certain set B of pairs (g, b). Intuitively, B should be
thought of as the set of concatenable pairs. We do not assume that any
equation can be solved, but only that if g > b then for some c,a - b o c.

Sections 2.2.5 and 2,2.7 deal with the special cases of Archimedean simply
ordered groups and rings, respectively: Section 2.2.6 presents a brief
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corhparison with other versions of Hilder’s Theorem. A much more detailed
treatment of the type of ordered algebraic structures considered here can be
found in Fuchs (1963) and in a later survey by Vinogradov (1969).

221 Archimedean Ordered Semigroups

‘We start with the basic definition.

DEFINITION 2. Let A be a nonempty set, B and 7z nontrivial binary
relations on A, and © a binary operation from B into A. The quadruple (4,

> B, o)is an ordered local semigroup iff, for all a, b, ¢, de A, the following

five axioms are satisfied:

1. <A, 2= is a simple order.
(2) If@b)eB,azc and bz d, then(c,d)e B
3. If(c,a)eBandaz b, thencoaZ cob.
4. If(a,cyeBandaz b thenaveZ boc
@ (g, b)e B and (aob,c)ei? iff (b, c)e B and (a, b o ¢) € B; and when
both conditions hold(aoByoec=ao (b ol
For the rest of this definition, assume that {4, Z, B, 0} is an ordered local

semigroup (Axioms 1~5 hold).
(A, =, B, o) is called positive iff, for all e, be A,
6. If(a,b)eB, thenaob > a.
A positive semigroup {A, =, B, o) is called regular iff, for all a, bed,
@ If a > b, then there exists ce 4 such that (b,cyeBandaz boe

For any ac A, we define inductively a subset N, of 1%, and we define na

for each ne N, by
) leN,undla=a;

() fn—leN, and (n—1)aa )EB then ne N, and na is deﬁned
tobe{(n — Yayoa, ™

(i) ifn—1€N,and ((n ~ D a,a)¢ B, then for all m =nm¢N,.
(Thus, N, is precisely the set of consecutive positive integers for which na is
deﬁned )]

{4, =, B, 0) is called Archimedean iff for all a, b e A:

8. {nineN,andb > na}is a finite set.

An example of a structure satisfying Axioms 1-8 is provided by
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{Ret, =, Ry, +», where = is the usual order relation and -+ the usual
addition operation on Re*, and

Ro={{x,y)ix,yeRet and x+y < £},

where 0 <C {2 < +co. That is, 4 is defined for all pairs of positive reals
whose usual sum is less than (2. By contrast, we do not obtain an Archimedean,
regular, positive, ordered focal semigroup if we define -+ for just those pairs
satisfying x% 4+ 3% < £2. In such a case, Axiom 3 is violated. For example,
let =1, x=y=02 and z=09. Then x%+ 3% =10.08, so {x,) is
in Rp; and (x+ P2+ 22=097, so (x-+y,2) is again in Ry; but
x* b (y+ 2= 1.25 so (x,y -+ 2) is not in Ry, violating part of the
conclusion to Axiom 5. This example shows clearly that Axiom 5 has a
strong structural significance.

The other structural axioms are 2 and 7, whereas 1, 3, 4, 6, 8, and part of 5
{(eacb)oc=ac(hor)]are deducible from the representation (Theorem 4
below).

We remark also that the axiom system used here has two solvability
conditions. One is regularity (Axiom 7), which requires solvability of the
inequality @ Z b o ¢, for ¢, given a> b. The other solvability condition
is Axiom 2, which requires solvability of the equation, c o d == e, for e,
whenever @ 2 ¢, b 2 d, and {a, b) € B, [The assertion {¢, 4} & B is equivalent
to the assertion that the required e exists.]

We state two versions of the representation and uniqueness theorem.
Theorem 4 gives the essential existence and uniqueness statements. A slight
modification, Theorem 4', asserts that any structure {4, =, B, o) satisfying
Axionis 1-8 can be mapped isomorphically into a structure (Re*, 2=, Rp, +,
where R, is defined as above.

THEOREM 4. Let (A, z, B, o) be an Archimedean, regular, positive,
ordered local semigroup {Axioms -8 of Definition 2 all hold). Then there is a
Sunction ¢ from A to Ret such that for all a,be A,

() aZbiff $l@) = ()
(i) if (a, b) € B, then d(a o b) = d(a) -+ $(b).

Moreover, if ¢ and $' are any two functions from A to Re* satisfying conditions
(i) and (i), then there exisis « = 0 such that for any nonmaximal a € A,

$'(@) = ad(a).

The isomorphism version runs as follows:

THEOREM 4'. Let the hypotheses of Theorem 4 hold and let ¢ be a function
Jrom A to Ret satisfying (i) and (i) of thar theorem. Let £2 be the least upper
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bound of idlayiae A} Let A" be the set of nonmaximal elements of 4 and
let B = {(a, b)c Bl a o be A"}, Then ¢ is an isomorphism of {A', =, B, 0>
into <Re+1 29 RQ H '+~>'

The point of Theorem 4’ is that ¢ not only carries 2 into > and ¢ into +,
but also carries B' into Ry, in the sense that

@beB iff  ($(a), dB)eR,.

If there is no maximal element in A, then 4" = 4 and B’ = B. If there is
a maximal element of form ¢ o &, then the uniqueness statement of Theorem 4
and the isomorphism statement in Theorem 4' can easily be extended io it.
The only case where the restriction to nonmaximal elements matters is
when the maximal element is not of the form ¢ © b for any {a, b) € B.

2.2.2  Proof of Theorem 4 (Outline)

Because of the importance of this theorem and because the construction
of the function ¢ embodies the basic processes of additive measurement,
we first give a detailed sketch of the proof and then a full proof.

To approximate $(b)/¢{c), we take a small @ and see how many copies
of a are required to approximate & and how many to approximate e. If

ma == b and na = ¢ {~ means approximates), then m/n ~ ¢(b)/d(c). This

idea is justified by the desired properties of ¢ [(i) and (if) of the theorem],
since ma ~ b should imply md(a) ~ $(b). Similarly, né(a) ~ ¢(e), s0
min ~ ${bY $(c). Thus, the first step of the proof is to define, for any a, b
such that b 2> @, an integer N(g, b) such that N{g, b} a =~ b, Specifically,
N(a, b} is the largest integer such that [N(a, &) — lla is defined and
{N{a, &) — 11a < b. The Archimedean property guarantees that such a
largest integer exists.

Two cases must now be distinguished. If there is a smallest element
2 in A, then for every b, N{a, by a = b. For if this were not true, we could
use regularity (Axiom 7) to construct & such that b = [N(g, b)) — llac &,
and it would follow that ¢’ < @, contrary to minimality of a. In this case,
() == N{a, b} gives the required isomorphism into {Re*, =, R, +»

In the second case, there is no least element of A, and the proof consists
of showing that as a is taken smaller and smaller, N{a, b)/N(a, ¢) converges,
for every b, ¢, to a limit in Re*. This limit is defined to be ¢(b)/¢(c). The limit
exists because, for @’ 'much smaller than a, N(&', b) =~ N(&', a) N(a, b). This
is intuitively obvious. If N(e’, &) copies of ' approximate a, and N{a, 5)
copies of @ approximate b, then N(a', @) N{a, b) copies of a” approximate b.
Thus, N, b)/N(a', ¢) ~ N{a, b)/N(a, c), since the common factor N(&', )
drops out when the approximation of & is divided by that of ¢. For example,
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if the gradation is changed from feet (2) to millimeters (a'), then all approxi-
mate measurements will be multiplied approximately by N(¢', a), the number
of millimeters per foot, and ratios remain approximately the same.

Another important feature of the proof is the method for taking &'
sufficiently smaller than a. The trick is simple: take any &' < a, and then
take a* with @ = 4’ © @ (regularity). The smaller of @’ and ¢” is then less
than “half” of a.

Once ¢ is constructed, the rest of the proof [that properties (i) and (i)
and uniqueness hold] is easy. Additivity of ¢, for example, follows using
Axioms 3 and 4 to show that if N(g,b)a~ b and N(a, c)a~c, then
[N(a, b) -+ N{a, c)] @ ~ b o ¢. Ordering follows, using additivity. For if
b > ¢, then for some &, b = ¢ © a. By construction of ¢, $(5) = ¢(c) + &{a),
where ¢(a) = O; thus, $(6) = $(c). ‘

Note the role played by each axiom of Definition 2. Axioms 2 and 3
characterize the local semigroup: the operation © is defined and associative
for all sufficiently small &, 5. We can thus generate na from a, being uncon-
cerned about the way that copies of & are associated in forming na. Axiom 6
guarantees that the standard sequence 4, 24,... increases steadily, while
Axiom 8 guarantees that eventually, such a sequence will approximate any b,
The “increasing” and “approximate” notions are based on the ordering
(Axiom 1), Regularity (Axiom 7) plays several roles, as was pointed out
in the above sketch. Finally, Axioms 3 and 4 play an important rofe in
additivity.

Note that the axioms do not explicitly assume commutativity, @ ¢ b =
b o a. Since this property is implied by Theorem 4, it must follow from the
axioms, but it is not used in the course of the proof.

2.2.3 Preliminary Lemmas

In this section we collect a group of simple results concerning ordered
local semigroups. The hypothesis common to all the lemmas is that
<A, =, B, o> is an ordered local semigroup (Axioms 1-5 of Definition 2).
Also, N, and na are defined as in Definition 2.

LEMMA 2. m,nc N, and (ma,naye B iff m + ne Ny, and when both
eonditions hold {ma) o (na) = (m + na.

PROOF. Exercise 3. <&

LEMMA 3. Ifezd, bz ¥, and(a,byeB thenaob za ol
PROOF. Axioms 1-4, : &
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LEMMA 4. Ifaz bandne N,, then ne N, and na > nb.
PROOF. From Lemma 3, by induction. &

LEMMA 5. Let Axiom 6 hold. If m,ne N, , then ma 2= na iff m = n.

PROGF. (Qbvious. : o
LEMMA 6. If meN,, then ne N,,, iff nme N, ; in which case nimng) ==
(nm)a.

PROOF. The result is trivial for n = 1, meI’":"Supposc it holds for
somen =], forallmelt. Ifn-+ 1 € N,,, then

(n + D(ma) = [n(ima)] © (ma)
= [(nm)a] © (ma)

(Definition 2)
{inductive hypothesis).

By Lemma 2,nm +m = (n+ \)me N, , and [(nm) @] © (ma) = [(n -+ 1) mla.
Therefore, if n+ 1€ N,,, then (4 1)meN, and (n -+ 1ma) =
{(r + 1y mla.

Conversely, if (n+ )meN,, then by applying Lemma 2 we have
((nm)a, ma) € B. By the inductive hypothesis, n € N,,, and (1m) a = n(ma),
Hence, (m{ma), ma)e B. 1t follows from Definition 2 that # + 1€ N,,,
as required.

By induction, the result holds for all ». ¢

224 Proof of Theorems 4 and 4’ (Details)

If b > q, then by Axiom 8, there exists a largest positive integer, denoted
MN{a, b), such that N(a,b) — 1eN, and b > (N(a, b} — 1)a. We can let
N(a, a) == 1 by definition.

First, suppose that there exists a minimal element a & 4. We show that
for every be 4, N(a, b)e N, and N(a, b) a = b. By Axiom 7, for any b > q
there exists ¢ such that (N{a, ) — 1) a, c)e Band b = {(N(a, b) — Dal o c.
By minimality of @, ¢ 2 a. By Axioms 1-3, we know that N(g, b) & N, and
b Z N(a, b)a. But then by maximality of N{a, b), we cannot have b > N{a, b)a,
hence, b = N(a, b)a. The same formula follows trivially if b = a.

Let ¢(b) = N(a, b). We show that ¢ satisfies (i) and (i) of Theorem 4.

To prove (i), note that by Lemma 5, N(a, b)a = N(a, c)a iff N(a, b) = N(a, ¢).
Hence, b = ¢ iff ¢(b) = ¢(c). For (ii), note that

Naboda=>boc
= [N(a, b) a] o [N(a, ¢} d]
=2 {N(a, b} 4 N(a, )la ' (Lemma 2).

R
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By Lemma 5, N@ b o ¢} = Na, b) + N(a, ), or $(b 0 c) = $(b) + $(o).

Finally, if ¢’ is any other function satisfying (i} and (ii), then for any b in 4,

$'(6) = ¢'(N(a, b) @)
Nia, b) ¢'(a)
= ag(h),

where « = ¢'(g) > 0. This completes the proof of Theorem 4 for the case
where & minimal element exists.

Next, suppose that 4 has no miinimal element. We shall construct a
SEQUENCE dy ..., @m »... i 4 which tonverges to zero in the sense that for
every be 4, N(a,, , b) is defined for sufficiently large m and diverges to 0.
We then show that for any such sequence, litf,,e Nl , B)/N(a,, , ¢) exists
in Ret for every b, c € 4. The limit is obviously independent of the sequence
dn , Since any two sequences can be interleaved to form a third sequence
with the same properties.

Let @, be arbitrary, and define the sequence inductively as follows. If a,,
has been defined, choose a,, < 4, . By Axiom 7, choosg a,, such that
(&', ap) € B and a, = @, © a, . Define a,,,, = min{a,, 4} (the minimum
is taken with respect to the ordering 7). By Lemma 3, form 2= 1, -

I

[property (ii)]

Gy 25y’ © o 2 2y -
Since dpuy 2 20mes , We can apply Lemma 3 again to obtain
An Z 2msy 2 (22is) © (2mya).
By Lemma 2, a,, 2 44,0 - Continuing this argument, we have by induction
Ay 725 P m=1, =0

It goes without saying that the inductive argument, as developed above,
includes the proof that 2% e Ny ., mz Lnz0

Having defined the sequence a, and established the basic property
that a,, 2= 2%a,,,, , we now show that N(a,, b) is defined for sufficiently
large m and approaches -+oo. Suppose first that a, > 5. By definition,
ay > [N(b, a,) — 11b. Since (a, , a,) € B, by Axiom 2, (N, a;) — 1) b, b)e B,
$0 N(b, a;) € N, . By definition, N(b, a;) b = a,. Now choose m so large
that 2" = N(b, a,). We show that the supposition that a,.,, > b leads to a
contradiction. In fact, if a,,_, 2 b, then by Lemma 4, 2™ & N, and we have

N, a) b 2 ay = 2y, = 27D,

But by Lemma 5, 2 > N¢b, a,) implies 27b > N(b, a;)b, a contradiction,
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Thus, we have b > a,... We established this formula assuming o, > b;
but otherwise, the same formula holds with m == 1. Thus, for every b,
there exists m 2= 1 such that for all n = 0, b > @, ne - We now have

b > [Nt , ) — 1] @nes (definition)
z [N(@nie , B) — 110" smie) {(Lemma 4)
= (2”[N(a,m+2 > b) - 1]) [ NPy (Lemma 6)

By definition, therefore, M nss » &) = 2°[N(@ns . b) — 1]. 1t follows that
N(@pynis » BY — 400 as n—> co, as required.

To evaluate N(a,, b)/Nla, ,c), as m— oo, we neced the folowing
inequality:

If(e,aYeBandb z a 2z o, then

N(d', a) N(a, b) > N(@',b) — | = [N, a) — 1]IN(a, b} — 1].

For simplicity in proving this inequality, we denote N{a’, @) by m + 1 and
N{a,b) by n + 1. Note that if b =g or a = a’ (or both), the inequality
is trivial; so we-can assume b > a > &', hence, m, n == 1. We have a > ma’
and (a,d)eB, so m+1eN, and (m+ D)a’' = a Suppose that
(4 Dm -+ 1Ye N, . By Lemma 6, n + 1 € Npnype ; thus by Lemma 4,

n+ 1eN,. By definition, (n - 1)a = b, hence (n- 1)(m+ 1}a’ Z b,

This shows that either (n -+ D(m + )& Ny, orelse (n + Dim + 1) &' = b;
in either case, we have (n + I)m -+ 1) = N(&', b), which gives the left
half of the inequality. From &> na and e > ma’ we have ame N, and
b > nma’ (Lemmas 4 and 6). Thus, N{¢', b) — 1 2= mm, which is the right
half of the inequality.

From this inequality, it follows that for any b, ¢, for all sufficiently large
values of m, and for all n = m,

[N(a., b) — 1
[N(aﬂa C) - 1}

N{(@zs @m) Nitm, b)
[N(an, @n} — HIN{(@n, ¢} — 11"

(Use the upper bound for the numerator and the lower bound for the
denominator.) The first consequence of this is that for all # > m,

(N(@n, B) 1] NG, b)
[N(a,, ¢} — 1] [N(@m, ) — 11~

Thus, the sequence [N(a,,B) — 1)/[N(a.,¢) — 1] is bounded above for
arbitrary b, ¢. By interchanging the roles of b and ¢, we prove that the
sequence of inverses has a finite upper bound and, hence, the sequence
itself has a positive lower bound. Let L* and L be, respectively, the greatest
and least limit points of the sequence; then 0 < L, < L* < «. Holding m

<

<2
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]

fixed and letting »n— oo in our inequality, and noting that N(a,, a,)/
[N(@y » @) — 1] converges to 1, we obtain

L* = N(am 1 b)l’{N(am 1 C) - 1}'

Now letting m~» co in this last inequality, we see that L* < Ly, ie,
L[* = L, and the sequence [N(a,,b) — 1}/[N(@.,) — 1], hence also the
sequence N(a, , B)/N(a, , ¢) converges to a Limit in Ret,

For any b € A, define

‘f’(b): }’galo N(am 3 b)l"N(am » ai}-

Since ¢(a;) = 1, @ has been taken as the unit of measurernent; this choice
ig arbitrary.

We show that ¢ is additive (if) and order preserving (i). Suppose that
(b, )€ B. For m such that b, ¢> a,, we have b > [N(a, , B) — 1]t s
¢ > [M@p., €) — 1] ¢, hence, bo ¢z [N, BY + Nty , ¢) — 2} a,
(Lemmas 2 and 3). If Mg, , &) -+ N(@., ) € N, ,then clearly

[N(tn , B) + Nlay, &)l am Z BOC.
Thus we have the ineguality
Ny, B) + N(@y » €) 2 Nty , b0 €} > Nlay , b) + Nian . ) — 2.

Dividing through by N(a,,a;) and letting m - © yields ¢(b) - Hlc) =
¢(b o ¢). Thus, (i) holds.

Suppose that b > ¢. By Axiom 7, there exists ¢ with (¢, ¢) in B and
b > ¢ o ¢'. For each m, N(@n , b) = N(a,, , ¢ © ¢'); hence,

$(B) = Heo )
= ¢(c) + $(¢)  [by (iD)]
> ¢(e) {¢(c) = 0L

Tt follows from this that & == ¢ if and only if ${(b) > ¢(c), as required for (i).

Finally, we establish uniqueness. Suppose that ¢’ is any other function
from A to Re* satisfying (i) and @ii). If » is nonmaximal in 4, then by
Axiom 7, there exists ¢ with (b, ¢) € B. For a, 5 ¢, N(an ,bye N, and
Nta,, , b a,, = b. By (i) and (i),

N(@n , b) $'an) = &'(6) > [N(@n , b) — 11 ¢'{ay).
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Since a, is nonmaximal, we have form > 2
N(@, , a2) ¢'(ay) = $'(a) = [V(an , ap) — 11 ¢'(an)
Dividing these inequalities yields
N DY/ IN(@w » a3} — 1] > $(B)/¢' (@) > {N(@m , B) — 1}/ N , aa).

Letting m ~» w0 yields ¢'(B)/¢'(ay) = #(b)/d(ay), or ¢'(b) = ad(b), where
a = $'(a}{$(az) > O.

Note that the uniqueness statement can be extended to 4 maximal element
ae A (if any) only if @ = b o ¢ for some b, ¢. This is necessarily the case
if there is a minimal element in 4, bui need not hold otherwise.

To prove Theorem 4, let £ and R be defined as in that theorem, To
show that ¢ is an isomorphism, it suffices to establish that

($la), $(B)) & Ra .

One direction is obvious: if (g, b)e B, then achbed, and so
#(@) + &(B) < £2. Conversely, suppose that f(@) + &b} < £. Since Q2 is
& least upper bound, there exists ¢ & 4 such that ¢{a} -+ ¢(B) < {c). If there
is a minimal element @, € 4, then N(& ,a) + N(ay,b)€ N, , hence, by
an application of Lemma 2, {N(q,,a) @ ., Nla;,b)a)e B, or (g, byeB'.
If there is no minimal element in 4, we know that ¢(g,.) — 0, where a,
is the sequence constructed in the proof of Theorem 4. Choose a,, with
Pla,) < 3{p(c) ~ $la) — $(B)]. 1t follows readily that

N((Jm,a) -+ N(am:b)@Nama

{a,bYs B’ iff

and hence, that (N{(@, , @) @m , N(@m , b) @) € B. Thus, (o, ) e B, S

Fro_m the proof of the uniqueness theorem, we have a good idea of the
precision of approximations to ¢(b). In fact, the mnequality used to prove
uniqueness can be rewri‘tten as follows,

N, 5 M, a) &5 _ N(@n,5) —1 Na,,b
Ny, ) May, ) — 1~ $las) Nan B~ Na.ay

Hence, the proportion of error in estimating $(5)/$(ay) by Ndw , b)Y/ N{(d , a2)
is not greater than the larger of I/N(a..,a;) and 1/N{a,, , b). These error
limits are known, and approach zero at least as fast as 2-* (by construction
of the sequence a,,). Hence, we can specify precisely the finite observations
requited to obtain any preassigned accuracy. In this way, our proof does
not have the undesirable nonconstructive features of the definition of ¢
in the proof of Theorem 2 (Section 2.1}

>

o
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2.2.5 Archiﬁdem Ordered Groups

As a corollary to Theorem 4, we obtain an isomorphism for the case of
groups.

DEFINITION 3. Let <A, =) be asimple order and o a binary operation on
A such that {4, o) is a group. The triple {A, >, 0 is called a simply ordered
group provided that for all a,b,ce 4, if a > b, then acczmboc and
c0a > cob. Let the group identity be denoted e. The group is Archimedean
provided that if a > e and b e 4, then na > b for some n e I*.

THEOREM 5. Let {4, >, 0> be an Archimedean simply ordered group.
Then <A, 2, o) is isomorphic to a subgroup of <Re, Z, +>, and if ¢, ¢’ are
any two isomorphisms, ¢’ = a for some a > 0.

PROOF, let A+ = {a|a > ¢}, where eisthe identity, Let B == At X 4%,
and let >+ be the restriction of 2 to A+ i a,be A¥, thena o bZaoe=
a> e, s0 aobedt. Thus, o induces 2 function ot from B into 4. We
show that (4+, =%, B, o+ satisfies Axioms 1-8 of Definition 2. In fact,

Axioms 1-5 and 8 are immediate, To show positivity (Axiom 6), suppose
that c € A+ and a 2z a o ¢. Then

e=aloazaiof@od=u¢

contradicting ¢ & A+, Thus,a 0 ¢ > a, as required. For regularity (Axiom 7),
suppose that ¢ >> aand let b = ¢ 0 @, where a7 i the inverse of a. If ¢ 27 b,
then

=cgoazboa=c¢

a contradiction, so be At;and c=boa

We let ¢+ be a function from A* to Re* satisfying (i) and (if) of Theorem 4,
and extend it to 4 by noting that if e > a, then @ e 4* (by the same
argument as for regularity, above). Therefore, define ¢ by

¢+(d), ae A+’
¢(a) = 01 a=e,
—gHa?), e>a
The remainder of the theorem is easy to verify. &

2.2.6 Note on Hilder’s Theorem

Hoider (1901) presented a set of seven axioms that are necessary and
sufficient for an isomorphism onto (Re*, =, +>- Thus, he also dealt with
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the case of an ordered semigroup. He used much stronger structural assump-
tions, including (in our notation) B = 4 X 4, no minimal element, solvability
of ¢ =g ob for a given ¢ > b and for b given ¢ > a, and the DPedekind
property {if 4 = C U D, where C, Dare nonempty, CND = g, and ce C,
de D imply ¢ < d, then either sup C or inf D exists). These are, of course,
all necessary for an isomorphism onto Re*. With these structural properties
and a slightly stronger positivity assumption, he did not need our Axioms 24
and 8. Since the axioms follow easily from his assumptions, it is straight-
forward to prove his result as a corollary to Theorem 4.

The proofs given by Birkhoff (1967, p. 300) and Fuchs (1963, p. 45)
of Theorem 5, which is now often called Holder’s theorem, are essentially
the same as Holder's proof. They all suffer from the disadvantage that
the method of constructing ¢ could not be used in actual measurement,
because it requires that na be defined for every #. This means that the proof
does not generalize to the case of more realistic structural assumptions.

2.2.7 Archimedean Ordered Semirings

Suppose that {4, > is a simple order, B, B* are two subsets of 4 X A,
and @@, % are two binary operations from B to 4 and from B¥ to A4, respec-
tively, such that <4, =, B, @) and {4, =, B*, +> are both ordered local
semigroups. If they are both Archimedean, regular, and positive, then two,
possibly unrelated, isomorphisms ¢ and ¢* can be constructed into Ret,
If the two operations are linked, however, by the distributive laws of multi-
plication over addition, i.e.,

(a@b)sc=(g+cyPDbx*c),
cx(@@h) =(cxa)yP(c*b),

then it is desirable to construct a single isomorphism ¢ that is both additive
and multiplicative, That is, in addition to satisfying (i) and (ii) of Theorem 4,
¢ must satisfy $(a = &) = ¢{a) ¢(b), and thus vield an isomorphism of
{A, =, B, B*, @, +) into (Re™*, =, Ry, Ro*, +, *>, where -, - are ordinary
addition and multiplication in Re*.

The requirement that ¢ be order preserving and additive already determines
it up to ratio-scale transformations (Theorem 4). If 4 has a multiplicative
identity e, then from g == ¢ x ¢ we have

$a) = la = e) = $(a) $(e),

whence ¢(e) = 1, Thus, the additional requirement that ¢ be multiplicative -

determines the unit of measurement. We show below that even if 4 has no
multiplicative identity, there exists nevertheless one and only one additive

ot
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representation that is also multiplicative. In most applications of this
theorem, however, one stilf obtains ratio-scale, rather than absolute, measure-
ment; the reason becomes clear in Chapter 1.
| |
DEFINITION 4. Suppose that A is a set, =, B, and B* are f‘hree binary
relations on A, @® is a function from B into A, and + is a funcno.n.- fro::n B*
into A. The sextuple <A, Z, B, B*, @, = is an ordered local semiring iff the
following four axioms are satisfied:
1. <A, =, B, @) is an ordered local semigroup (Definition 2, Axioms 1-5).
3. (A, 3z, B, ) satisfies Axioms 1-4 of Definition 2 and the following
] jon of Axiom 3:
mOdg‘ie;‘{.ve??a, zf;, (b, c) & B*, then (a + b, ¢} € B* iff (a, b« c)e B*; and if
both conditions hold, then (@ * by x ¢ = a = (b ¥ ¢).
3.6 If (B,o)eB and (a,b®c)s B, then (a, b), {a, ) & B*,
(a*b,a*c)eB,anda*(b@c):(a*b)@(a*c).
() If (@beB and {(aDbc)e B*, then (a, ¢), (b, ¢) & BY,
(a*c,b*c)eB,cmd(a@b)*c=(a*c)®(b*c).
4, For any ac A4, there exists (b,c}e B such that (@, b & ¢)e B*

The local semigroup mentioned in Axiom | is termed the additive (B) semz‘g‘mup;
the semiring is defined to be positive, regular, or Archimedean accorc'izf::g to
whether these properties are satisfied by the additive semigroup (see Definition 2,
" Axioms 6-8).

The numerical ordered local semigroup described in Section 2.2.1 can
be made into an ordered local semiring by putting

Ro* = {(x,y}| x,yeRe* and x-y <&

It is easy to verify that {Re*, =, Rq, Rp*, 4, > satisfies A{(ipms 1-4 o’f
Definition 4. Note that the replacement of Axiom 3 of Definition 2 by 5,
in Axiom 2 of this definition, is necessary, since x + y < £2 andx-p-z < £

do not entail that y » z < £2. o -
The representation and uniqueness theorem is given by the following:

THEOREM 6. Let {4,=, B, B* &, be m Archimedean, regular,
positive, ordered local semiring (see axioms of Definitions 4 and 2). Then there
is a unigue function ¢ from A to Re¥ such that, for all a, b e A

() azbiff fa) = by
(i) if (a,b) € B, then dla @ b) = $(a) + ¢(b)
(i) i (a, b) € B¥, then $(a * b) = ¢(a) H(B).
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PROOF. The proof is based on the method followed by Fuchs (1963,
p. 126) to treat Archimedean ordered rings. A less abstract proof is sketched
in Exercises 4~13. The actual construction of an isomorphism is probably
better based on those exercises, although it could be carried out using the
proof given here.

For any ac A, let 4,°= {b| (g, b} B*} and B, = {(b,c) | (b, ) e B and
b@ced) Let @, and 2, be @ and = restricted to B, and to 4,,
respectively. Then it is easy to show that {4,,=,.,B,. @, is an
Archimedean, regular, positive, ordered local semigroup.

First, note that Axiom 4 is precisely the statement that 4, and B, are
nonempty for any a € 4. Obviously, @, is a function from B, to 4, .

Axioms 1, 3, 4, 6, and 8 of Definition 2 are immediate, since they hold for -

{A, z, B, @) and are true a forteriori for any subsets.

if (b,e)eB,,b=b, and ez ¢, then b Bcx b @ . Hence, by
Axiom 2 of Definition 2, applied to {4, =, B*, x>, (g, & @) e BY, ie,
(', ¢y & B, . This establishes Axiom 2 of Definition 2 for {4, , Zu, B., Bu>-

Axiom 5 of Definition 2 follows readily from the same axiom applied
to {4, =, B, @»: If (b, b)) and (b @ V', b") & B, , then we have (b', b”) and
By @beBandb MDY =b DG b)) Thus,

(@, b® @ @oNe B
so{b, b ®¥)eB,. By Axiom 6,5 S (D' D) =6 B b, 50
(a, " ®b") € B,

hence (0", B" e B, .

Finally, we show that Axiom 7 of Definition 2 holds. Suppose that b, ce 4,
and b > c. We can find ¢’ ¢ 4 such that & 2 c @ ¢’. Since (o, ¢ ® ¢} & B¥,
{c, ") e B,, as required. .

Note that, so far, Axiom 3 of Definition 4 has not been used.

By Theorem 4, there exists a function i from A to Re* satisfying (i)
and (i) for <4,7Z, B, @®)>. A forteriori, ¢ satisfies (i) and (i) for each
{Ag s Zon s By, @©o. However, we can define a new representation for the
latter semigroup by

(b)) = fla x b).

To prove that ¢, satisfies (i), take (b, c)e B,. Then (a,b @ c)e B*,
50 by Axiom 3 of Definition 4, (g, b) and (@, ¢} B*, (@« b,a x c) € B, and
a*{b @)= (gx*b)® (a*c). Hence,

Pob @ ) = pla * (b D )]

l(a = b) @ (a = o)}
dla+b) + Pla=c)
= (b)) + Fale).
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T

To prove that i, satisfies (i), suppose that b, c € 4, and b > c. Choose
ded,suchthat b > ¢ @ ¢’ Thenaxb 2z a*(c @ c). Hence,

Pa0) = (@ * b)
= la* (¢ D))
= e D ¢)
= hy(€) + Palc)
> h(0),

as required. N
By the uniqueness part of Theorem 4, there 1s 2 positive constant, denoted

#{(a), such that for all nonmaximal b & 4, ,
hao(b) = B(a) Y{b)-

We now show that ¢ satisfies conditions (i)-(iii).
Suppose that (@, @) € B. By Axiom 4 of Definition 4, we can choose a

. nonmaximal b € 4,4, . Clearly, b is also a nonmaximal element of 4, and

of 44 . We have

Ha D ) b) = Paga(B)
= Jl{a @) * b]
= tf{a » b) ® (&' * )]
= fla+b) + a’ *b)
= Yo(b) + Pa(b)
= $(a) (b) + $a’) H(b)
= [$(a) + $(a)] $(b).
Hence, ¢ satisfies (ii).
Suppose that @ > &'; let a 2 o' @ &". Choose nonmaximal be A, and
Ay .- ; then
$(a) $(b) = Yi(b)
== ifi{a * b)
= i@’ ®a") *b]
= dla’ @ a") Pb)
= [¢(a) + $(a")] §(B).
Hence, ¢(a) > &(a’).

Finally, we prove (iii). Take (g, @’) € B*. Choose nonmaximal b’ .@A“f,«
. and nonmaximal b" € A4,. Let b = min{#’, "}. Then b is nonmaximal in
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both Amt and A, , and clearly, &’ x b is nonmaximal in 4, . We therefore
have

$la + @) Y(b) = gun(b)
= (e * a') * b]
= ffa * (&' = B)]
= Y@ * b)
= ¢(a) Y(a’ * b)
= $(@) Yot)
= $(a) $la’) P(b).

Thus, ¢(a + @) = $(a) $(a).

For uniqueness, note that if a¢ satisfies (i}~(iii) of Theorem 6, then by (iii),
adla * &) = [ap(a)] * [ad()], whence o = a? or o= 1. This argument
applies except possibly for maximatl elements. But if ¢ is maximal in A,
we can choose b such that (g, ) is in B* and such that b, a * b are non-
maximal. We now have ¢(a) = ¢(a = b)/$(b), giving uniqueness of ¢ at a. O

We next establish a corollary to Theorem 6 which is the classic result
in this area (see Fuchs, 1963, p. 126); 1t stands to Theorem 6 as Hblder s
Theorem 5 does to Fheorem 4.

DEFINITION 5. Suppose that 4 is a set, > z a binary relation on A, and

& and x binary operations on A. Then {A, >, @, *> is an Archimedean
ordered ring provided that:

() <4, @, % is a ring with zero element 8,
(i) <4, z, @ is an Archimedean ordered group;
(i) fa>0andb>c thenaxb>axcandbra>c+a

COROLLARY TO THEOREM 6.  Ar Archimedean ordered ring is uniquely
isomorphic to a subring of (Re, =, +, .

PROOF. By Theorem 5, there is an isomorphism @' of {4, =, @} into
a subgroup of {Re, 32, +3. Let A+ = {a| a > 8}. According to Exercise 14, the
restriction of 2, @, and * to A+ forms an Archimedean, regular, positive,
ordered, local semiring (with B = B* = 4+ X 4+). Let ¢ be the unique
isomorphism of Theorem 6. By the uniqueness assertion of Theorem 5,
there exists o > 0 such that over 4%, ¢ = ag’. Extend ¢ to all of 4 by
defining ¢ = ad’. For all a < §, ¢(a) = ad'(a) = — o' (—a) = — ¢{~a).
From this and the fact that ¢ preserves % over A"* it is trivial to show
that it preserves = over all of 4, <
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2.3 FINITE .SETS OF HOMOGENEQUS LINEAR INEQUALITIES

The general problem of this section is to find solutions to families of
inequalities and equations of the form

L
Z Oy = 0, i= 1,..., m’,
Faxll

)]
Y Bux; =0, i=1,.,m".

Fesd,

Such a family of inequalities and equations arises in measurement contexts
when the x, ..., X, are unknown values of guantities to be measured, and
each inequality or equation of System (1) is entailed, via a linear measurement
model, by a corresponding observation of order or equality between two
objects (see Section 1.1.3 for examples). Any solution to System (1) provides
2 measurement scale compatible with the given observations of order and
equality. Tn all applications of System (1) in this book, the coefficients
ot » Py are integers (see Chapter 9).

231 Intuitive Explanation of the Solution Criterion

‘We shall analyze the System (1} using vector methods. The desired solution
to System (1), (x; ,.-., X,), is a vector, and the coefficients of any inequality
or equation of the system also form a vector, e.g., {& ,..., %). For conven-
ience, we abbreviate (X, ,..., X} by X, (& e &) Y o, and (By aoes Bin)
by B, . Other abbreviations of the same sort are introduced later.

The angle between two vectors x and y is the angle whose vertex is the
origin 0 = (0,..., 0}, or (0,0,0) in three dimensions, and whose sides are
the lines from 0 through each vector. The scalar product of two vectors
%= Xy 50y X)) A0 ¥ = (W4 y0ee, ¥u) s simply the sum of the products of
their respective components, i.e., 37, x; ;. The reader can easily verify
(in the two-dimensional case, for example) that the angle between x and y
is acute, obtuse, or right depending on whether their scalar product is,
respectively, positive, negative, or zero. In terms of these concepts, System (1)
can be restated as

x makes an acute angle with each  «;, i=1,.,m, a

x makes a right angle with each  f;, Pw=1,..,m"
Suppose that » == 3, that m* = 2, and that 8, , B, are distinct from 0
and have a nonzero angle between them. The three points, 0, 8; , By lie in a
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unique plane, and if x solves (}'), then the line from 0 through x must be
at right angles to that plane. Thus, the direction of x from 0 is completely
determined except for the choice of which side of the plane x is on. If we
choose x on one side of the plane, then it makes an acute angle with any
other point on the same side, a right angle with any point in the plane,
and an obtuse angle with any point on the opposite side. Hence; it is obvious
that in this case, @ solution to System (1') can be found iff all the points o,
lie on the same side of the plane determined by 0, 8, , B .

Let us keep # = 3 and consider values of m” other than 2. If m” > 3,

there are two possibilities. If all the §, lie in a single plane (determined by

two of them with ), then we take x on a line perpendicular to this plane at 0,
and the situation is as before. Otherwise, they do not lie in a single plane,
and so no x can be found which forms a right angle with all the 8; . Hence
the only vector x which satisfies the equations is 0, and this does not sat;sfy
the striet inequalities, Thus, System (1”) has no solution (unless there are nd
mequahtzes)

1f m" == 1, then 0 and B, can be part of an infinite number of different
planes. If all the o lic on the same side of just one of these planes, then an
x perpendicular to that plane solves System (1°).

The extreme case is m” = 0 in which there are no equalities. This case is
common in the practice of measurement—it means that no two objects
were accepted as exactly equal. Here, it suffices that there be any plane
through 0 such that ail the «; lie on the same side of it; thera are no f; to
constrain the position of the plane.

The analysis is identical for n = 3, except that the equivalent of a pianewa
hyperplane—is determined by 0 plus # — [ independent 8, , if such exist.

And so we reduce the problem of solving System (1) or (17 to finding
a plane (or a hyperplane) through 0 and through ali the B; (if any), such
that all the o lie on the same side of it. A solution x is just a vector such
that the line through 0 and x is perpendicular to the plane and x is on the
same side as the oy .

To advance the problem further, we begin with the case m" = 0. Is there
a plane through 0 such that all o, are on one side of it? If so, consider the

points «; as the vertices of a polyhedron. This polyhedron lies all on oné

side of the plane, and so, in particular, 9 is outside it. Conversely, if 0 is
not in the polyhedron with the o, as vertices, then we can pass a plane
through 0 such that the whole polyhedron is on one side of it. It turns out
that this is precisely the criterion for solvability of System (1) if m” = 0:
0 must be exterior to the polyhedron generated by the o, . In fact, in this case,
onie way to obtain a solution is to choose the point on the polyhedron that
is closest to 0. This point is a solution x. For through this point, we can
pass a plane tangent to the polyhedron (in the sense that it does not enter it),
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and tﬁe parailel plane through 0 has the polyhedron on one side of it. The
line from 0 to x is perpendicuiar to both planes. This is illustrated, in a
two-dimensional cross section, in Figure 1.

Tengent Plane

Parallel Plane through Origin

FIGURE 1. Polyhedron (shaded area) generated by five inequality vectors, oy .., %54
and the solution x with planes perpendicular to x (two-dimensional cross section).

The analysis for m" > 0 is similar. If the plane through 0 is constrained
to contain B; (m" = 1), then we must require that the a-polyhedron not
intersect the (infinite) line through 0 and B, . If the plane through 0 is deter-
mined by B, , B, , then the a-polyhedron must not intersect this plane.

For »n > 3, the analysis is analogous to the one just given, The only
difference is that there are more possibilities for the number of independent
B, , other than 0, 1, or 2. If there are n — 1 independent equality vectors J; ,
then they determine an » — 1 dimensional hyperplane, to which the solution
x must be perpendicular. All o; must He on the same side of this hyperplane.
In general, any number of independent 8; , not exceeding » — 1, generate a
subspace, and this subspace partially constrains the position for a hyperplane
with the polvhedron of inequality vectors lying to one side of it. The general
theorem we shall prove, then, is the following:

THEQREM 7 (Intuitive version). System (1) has a solution iff the poly-
hedron generated by the vectors o does not intersect the subspace generated
by the vectors B; (when m” == 0, the subspace in guestion is taken equal to 0).

2.3.2 Vector Formulation and Preliminary Lemmas

We now use vector concepts to give a precise formulation of Theorem 7,
and as a preliminary to its proof, we state and prove a fundarmental lemma
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of linear programming theory. Our treatment closely follows Gale (1960).
Readers whose background in linear algebra is insufficient for them to

follow this section can easily substitute pp. 28-47 of Gale’s book for this '

section,

The subspace generated by vectors 8, ,..., 8., where B; = (Bi ... Br),

is the set of all vectors of form

fexl

5 M= (3 My 3 M),

where A, ,..., A, are arbitrary real numbers.
The conpex hull of vectors ey ,..., &y, where o; = {0ty yu.., 0n), is the set
of all vectors of form

Z }l{(!i 3

desl

where Ay ,..., A, are restricted to be greater than orequaltoQand 32, A, = 1, -
This concept replaces the intuitive concept of polyhedron used above..
We denote the scalar product of vectors x,p by x + y == 37 x;y;. We can

now restate Theorem 7 as follows.

THEOREM 7 (Formal version). The system

a; x>0, i = 1., m, "
1%

B x=0, i 1., m’

has a solution iff the convex hull of v ..., o, does not intersect the subspace:

generated by 0, By ,..., B~ . That is, System (1) has a solution iff there is no
SOMEOR Ay oy At 5 fhy seony flon 20 tHE SYStem

EAC‘H‘_ Zlu': 75 jm 1,...,”’,
faal
A2 0, [e=1,..,n (2

Zhiml.

tosl

The importance of this result depends partly on its constructive nature. '-

One can start out to construct a solution to System (1), but the procedure

will eventually terminate in failure if and only if there is a solution to -

System (2).

99, FINITE SETS OF HOMOGENEOUS LINEAR INEQUALITIES ' 63

N

An additional point is that the proof holds whether the numbers involved

 are real numbers or rationals. That is, if the ay; , B, in System (1) are rational,
“then there is a rational solution to System (1) if and only if there is no
“rational solution to System (2). In System (2), the constraint 3 A, = |

can just as well be replaced by X A; > 0, for then we could divide each

“yalue of A; and of w; by 3 A, to obtain 3. A; = 1. Let the revised system,
Cwith 30 A; = 0, be numbered (27). Note that a rationai solution to System (2)

yields, by multiplying through by a common denominator, an integer
solution to System (2'). The actual criterion thus amounts to the nonexistence
of integer solutions to System (2'). This is the basis for measurement
axiomatizations (see Chapter 9).

The proof is based solely on the following well-known result of linear

. algebra, which we formulate as Lemma 7, but do not prove {see Gale, 1960).

- LEMMA 7. Lef a; = (s yov.y oun), and suppose that o ..., o, are linearly
"+ independent (no one of them lies in the subspace generated by the other m — 1).

Then for any numbers t, ,..., t. the equations
@t X =1, i=l,.,m

have a solution X = (X5 ,..., Xy)-
That is, it is always possible to solve m linear equations o, x =14 in n
upknowns x ..., X, , provided that the m linear expressions ¥ eyyx; are
independent of one another and so, in particular, m < n. Of course, the
c¢laim that the rest of the proof of Theorem 7 is constructive is based on
the existence of a constructive proof to Lemma 7. The construction of a
solution (x ,..., x,) is well known however. One merely uses the first equation
to express one of the x, in terms of the other # - 1, substituting the expression
for x, in the other m — | equations, reducing the problem tom — 1 equations
inn — 1 unknowns. This process continues until either there are no equations
left—in which case one can assign arbitrary values to the remaining
unknowns—or until one of the substitutions results in a contradiction,
in which case the process stops and it can be shown that the original «; were
not independent.

The next theorem belongs to the theory of linear inequalities, and since
it serves as a basis for measurement axiomatizations we present its proof
in detail.

LEMMA 8. Let {ayli=la.,m,j=1,.,n be an m X n matrix,
oy = (ail 3reey O‘m)s o) = (‘xlf 2+r3 am:i)s and z = (zj. $rery zn) The system Of
inequalities

oy X 2 0,

zrx <0

I == 1,..., m, (3)



64 _ 2. CONSTRUCTION OF NUMERICAL FUNCTIONS

has a solution x = (xy ..., X,) iff the system

porooadf = j= li.,n,

@

i
—
£
K
3

yi20; i

has no solution y = (P4 yeres Ym)-

PROOF. Suppose that x is a solution to System (3) and y is a solution

to System (4). Then

n
0>Z'x=22jx,
Je=1

=Y [y «?x,

ju=l

= z y‘iEaa‘- x] 2 0:!
Faml

since y;, &; " x = 0, i = 1,..., m. This is impossible.

Suppose that System (4) has no solution. We show that System (3) has a
solution. First, suppose that the equations y - o' = z; have no solution
at all, i.e., z is not in the subspace generated by a, ,..., &, . Reindex the o
so that o ,..., o, are an independent set and o,y ..., 0 81€ in the subspace
generated by them. Then o ,..., o, , z are independent. By Lemma 7, we can
find x such that o x=0, { = L,..,7 and z+x < 0. Since this implies
ay x=0,i=r -+ 1,.,m, x is a solution to (3).

Second, suppose that y: o' == z;, j = 1,.,n, but that y, <0 for at
least one I, We proceed by induction on m If m= I, then yoy; =z,
j=1,...n and y; < 0. Let x =a,. Now o, 7 0, otherwise z = @, and
y1 =0 would solve (4). Thus, o x>0, z-x=pfoy - x) <0, and x

is a solution to System (3). Suppose now that Lemma 8 holds for m < k, -

where k = 1, and consider the case m = k +- 1. Let B == (o ..., o).

There can be no solution to System (4) with B¢ substituted for t?, for if

there were, we would let y;,; = 0, obtaining a solution to the original
system., By the inductive hypothesis, there is a vector x’ == (x,..., X'} with
ax 20 i=1l.,kand z-x < 0. If oy - ¥ =0, then Jet x = x" and
we are done. So suppose that o, - x° < 0. Define

o = (ot * XY @pag — (G4 * X 0, =1,k

2= (2 X) tpaq — (@pr " X2

define » by
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Consider the system

’

¥ ' () = zj", J = 1,.“, H, (4')
B0, i= Lk

whete o0 = (& sy @) 0’ = (0 yores &,)- If ¥ s 2 sOlution to System 49,
¥s = ¥;, [== 1.,k

k
Venp = (o - XY [Z yiflos Xy — (2~ x')].

Fack,

We show that y is a solution to System (4). In fact, y; = 3/ 2 0,i=1,.... k,

Cand Ve = 0 since (g cxXYT >0, y' 20, o-x 20, and

—(z - x") > 0. Moreover, forj = L,..., 1,
z; = —{ogsy - X))z — (2 %) a4l

= — (g - XYY D) — (z - x') ¥4a,4)

k
= —{oyy XY 2 yiey — (z-X) °‘k+1.5]
el
3
0
= —(appr * X)T { A CTRE ST
feel

P
- E P (g * X7 055 — (2 X7) °‘Jc+1.:f]
it

]
= ¥ ¥os + Ve

Fed
=y ol
Thus, y is a solution to System (4), contrary to hypothesis. We conclude

that there exists no solution y* to System (4'). By the inductive hypothesis,
thers exists a solution x* = {X] ,..., ¥5) to the system

o x" =0, i=l,.,k ,
3)
z - x <O
Define
x = (opgy - X)X — (o - X)X
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We show that x is a solution to System (3). In fact, it is easy to verify, from
the definition of &', 2’, and x, that

;X = o X" =0, i#= 1y, k,
Rpgq - X = 0,
gex s 2o x" <0,

By induction, the theorem follows for any m. <&

The preceding proof allows us to construct the solution to a system of
mequal:txes (3) whenever the solution exists. First, obtain a solution x™ to
o x 20,z x <0 If the equatlons oy X =0, g-x==-—1 have a
simultaneous solution, then it will serve as x¥. If they do not, then z = Aoy

for some A If A = 0, then no solution is possible, since oy * x 2 0 implies -

z-x 20 If A <0, then choose x™ = o, , Now check the solution x
in successive inequalities oy * x 22 0,... until, for some k = 1, o, - M <0,
At this point, xV solves the first k inequalities «; - x = 0, as wellas z - x < 0,
so relabel x* as x'®. To construct x*+1), proceed as in the inductive step
to the above proof, defining &', i = |,..., k and 2’, and solving the system
f *x" 20, 2 x" < 0. Since this system has fewer inequalities than
System (3), a genuine reduction is achieved, although the method here
described may have to be applied in full panoply to this lesser system. If the
reduced system has no solution, then, as the lemma shows, the full system
also has no solution. If x” solves the reduced system, define x**+2 from

x' = x™ and x" as in the lemma. Now check x%+ in successive inequalities

a;-x =0, 2=k 4 2, until it fails; then apply the method of the inductive
step over again, etc. (see Exercise 15).

2.3.3 Proof of Theorem 7

First we show that Systems (1”) and (2) cannot both have solutions. For :

if they did, we would have
m m”
0 < Zf\i(fli‘x) s zm(ﬁs'x) = 0.
ZmE fa)
Next, suppose that System (1) has no solution, Define vectors y; in Re™* by
Vi = (ail sreey G s 1): = 1,..., m’,

Ym'eg == (Bil 3eesy Bin ] 0)7 i= 1:---5 m”a
Y +m +e =’(~'ﬁil geney "')ein 3 0): == }-:“-: m'.

2.3. FINITE SETS OF HOMOGENEOUS LINEAR INEQUALITIES 67

Letz; =0, = L., n, Zpyq == 1. Hf System (1”) has no solution, then neither
does the system

yi ®20, i=Lu,m + 2m",

< 0. ©)

bl

z .

For if System (5) had a solution X = (%, ..., X,44), 2 - % << 0 would imply
Xaer < 0. Thus, setting x == (x; ,..., X,), We have from v; + X = 0 the results

o X+ Xnir & 0, i owe L i1,
B,-x=0, = 1,., 1",
—B, x =0, i=1,..,m".

Thus, a; * x =0, B;+ x = 0 as required in System (17). Let W == ('yu yeros Vimihs
where m == m' 4+ 2m". By Lemma 8, the system

yoy® =z, ».=0

has a solution. Let A; = y;, = L., m' and let p, = —¥p s b Yoty ss »
i= L., m", Then

W m”
Z Aoty — z wifsy =y '}’m

Fenl Feal,
=) 2’5
= 0! j e I: 2 n:
and
'
Ay=y- 'Y(M-ﬂ = Zgpy = L.
i=1
Thus, there is a solution to System (2). e

Note that this proof leads,to a construction of solutions to (1), by solving
the associated System (5} uvsing the method of Lemima 8. More efficient
computational methods for solving System (5) are avaijlable, however,
via linear programming (see Gale, 1960).

234 Topological Proof of Theorem 7

In this section, we give a shorier, more intuitive, but nonconstructive
proof of Theorem 7, which fails if the base field is Ra rather than Re.

First, consider the case where there are no equalities in System (1), i.e.,
m" = 0. In this case, the theorem states that a solution to System (1) exists
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if and only if the convex hull K of {t ,..., o} does not intersect 0. The set K
is closed and bounded in Re”, hence, it is compact. For ye K, y - y (the
squared distance of y from @) is a continuous function of p, and thus is
minimal for some x & K. By convexity, x is unique, but this result is not
needed. (See Rudin, 1964, Sections 2.41, 4.11, 4.16 for the details of the
argument just given.) We claim that x is a solution to System (I). If not,
then for some i, ; - x < 0. For A € Re, define

) = [hos + (1= N 5] - ey 4+ (1 — A x).

Differentiating F with respect to A and setting the derivative equal to zero
yields that /is minimum at

Ag = (x+ % = o Yoy — %) - (g — X,

Since x ' x and (a; — x) * (¢ — x} are greater than 0 and —o; - x 20,
Ay > 0. It is easily checked that 1 > A,. Let y = Agx; =+ (1 — Ag)x. Then
veK, y7 x, and

vy =Ff <f0) = x-x,

contradicting minimality of x - x. Therefore, o; * x > O fori= 1., m'".
Next, suppose that m” > 0. Let B be the subspace generated by £, ..., B~

and let C be its orthogonal complement (see MacLane & Birkhoff, 1967,

p. 240). Let C be generated by vectors y, ,..., y; . Define new vectors o by

Qom0 Y, i=l,,m, js=l..,k

If x is any solution to System (1), then x & C, so x = Y&, X'y, , for some
x' == (g ey %) Thus,

3

of - x =3 oy vy xf
ju=1
wm ooy X > 0, i=1,.,m.
Conversely, if x’ is a solution of the system
o x>0, w1, mt, (6

then x = ¥, x/'y; is a solution to System (1). Thus we can apply the
criterion derived above for m" = 0 to the reduced System (6). In fact,
the convex hull of the «, intersects the origin (of Re) if and only if there
exist Ay s A 32 O, with 370 A, = 1, such thatforj == L., k&,
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"
0 = Z Aic‘;f
il

= % Aot vg)

Feal

But this last equation means that [37; Azl - x = 0 for every x € C. A well-
known result on orthogonal complements implies that ™) A & B, and
this is precisely the criterion for nonselution of System (1). &

EXERCISES

1. Carry out the inductive step in the proof of Theorem 1, showing that
if ¢ Is order preserving on {@, ,..., ¢,}, then it is also order preserving on
{a15es @azgd. (2.1)

2. If you did not do Exercise 1.5, this would be a good time to do it.
3. Prove lemma2. (2.2.3)

In the following nine exercises, {A, =, @, %> is an Archimedean ordered
ring (Definition 5) with additive identity {zero) 8. Let (n — 1) a b a = na,
a1t x q == g*, and let —a be the additive inverse of a. 227

4. Prove the following. If ¢ is order preserving and multiplicative, then
for any a > 8, the following are equivalent:

@ $a) <1,
(i) a> g

5. Prove that if ¢ is order preserving, additive, and multiplicative, then
for any ¢ > 8 and any m, n > 0, the following are equivalent:

i} ¢ < mjn,

(i) ma > nat

6. Prove that for any @ > 8, the set of m, r > 0 such that ma > na?
is nonempty.

Now define ¢ for a > @ by using Exercises 5 and 6:

dla) == inf{m/n|m,n >0 and ma > na®,
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The next six exercises show that ¢ is order preserving, additive, and
multiplicative on A+ = {a]a > 0), and hence, that ¢ yields an isomorphism
into the ordered ring of real numbers. All a, b, ¢ below are understood to be >,

7. mig % b) = (ma) * b = a x (mb).

8. If ma > na?, then for all b,

D mb>naxb,
(i) mb > nbxa.

9. Suppose @ Z b. If ma> na®, then mb > nb% hence, $(a) = $(b).
10. B ma > nd®, m'b > n'b?, then (mn' + m'n)a @ b) > nn'(a @ bR
Hence, ¢{a @ b) < $(@) + ¢(B).

11. Ifmn < ¢{a), then ma < na®. Hence, 0 < $(a) = sup{m/n lma < nat},
$la @ b) = ¢a) + $(b), and a > b implies $(a@) > H(b).

12. Prove that ¢ is multiplicative.

13. Modify Exercises 4-12 so as 10 generate a proof of Theorem 6 for
ordered semirings.  (2.2.7)

14, In the proof of the corollary to Theorem 6 prove that the restriction
of Z, @, = to A+ forms an Archimedean, positive, regular, ordered, local
semiring. 2.2.7

15. Use the method of Section 2.3.2 to solve the system
Xy + x2 .2 0:
2%, + 3%, = 0,
2%y + Sxp, < 0.

Chapter 3 Extensive Measurement

131 INTRODUCTION

Extensive attributes such as length and mass have been measured success-
fully since antiquity. The modern theory of extensive measurement, however,
originated less than a century ago when Helmholtz (1887) and Hélder (1901)
developed the first axiomatic analysis of extensive attributes. Generally
speaking, a theory of extensive measurement is a set of assumptions, or
axioms, formulated in terms of an ordering = (of objects with respect to
some property) and a concatenation operation o (between objects) that
permit the construction of a scale ¢ satisfying

) az biff ¢la) = $(B),
() la o b) = () + $b).

Since the additive representation of mass, length, and time duration
have become a part of our daily experience we tend to take for granted the
qualitative laws (e.g., g 2 b whenever ¢ o ¢ > bo¢) that underlie the
numerical representation. Indeed, under the matural interpretations of =
and o, these laws typically reduce to common physical truths. Nevertheless,
the formulation of a set of axioms that are sufficient for the representation
and acceptable from an empirical standpoint poses several problems to
which the present chapter is devoted.

Several attempts to improve Holder’s (1901) theory have been made.

7t





