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A theory of nonassociative measurement structures is developed which produces a
natural generalization of associative measurement (i.e., extensive structures), and represen-
tation and uniqueness theorems are established for these generalized structures, and it is
shown that in many cases these representations are ratio scales. The methods of proof
strongly relate the structure of the automorphism group of the nonassociative structure to
its underlying concatenation operation.

1. INTRODUCTION

Measurement theory is concerned with the nature of numerical representations of
empirical structures. It strives to give clear descriptions of the forms of numerical
representations in terms of axiomatizations of the empirical structures and to give
criteria for the drawing of proper inferences from the numerical representations. It is also
concerned with the theory of error. Although the empirical structures ordinarily encoun-
tered in psychology, physics, and other sciences may be complex, the construction of
representations for these structures can usually be resolved in terms of certain basic
“fundamental” structures. This is the approach of Krantz, Luce, Suppes, & Tversky
[1971], and the mechanisms for resolving complex measurement structures in terms of
“fundamental” ones is explicitly laid out in Narens and Luce [1976].

In the Krantz et al. approach, complex structures are resolved into what they call
extensive structures, which are structures of the form Z = (X, =, O) which, for the
purposes of this introduction, we may take X to be a nonempty set of empirical objects,
> to be a total ordering on X, and O to be an operation on X (which is sometimes called
a concatenation operation). A (numerical) representation for Z is then an isomorphic
imbedding of & into the positive reals, where 2> is mapped into > and O is mapped into
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some binary associative operation O on the positive reals. If ¢ is the isomorphic imbedding
described above, then we say that @ is a O-representation for . Note that the isomorphism
@ and the associativity of © forces O to be associative. The definition of ()-representation
for structures with nonassociative © is identical to the associative case except () is not
assumed to be associative.

Krantz et al. give axioms for & that are very weak but nevertheless yield the existence
of additive representations (i.e., 4--representations for Z') that are ‘“unique” in the sense
that if @ and ¢ are two additive representations for & then for some positive real 7,
re = . The associativity of O is the cructal empirical axiom that makes the additivity of
representations possible. In the traditional approach employed by Krantz et al., heavy use
of associativity is made for showing both the existence of a ()-representation and the
uniqueness of such representations. Narens and Luce (1976) introduced a generalization
of extensive structures called positive concatenation structures that satisfies all the Krantz
et al. (1971) axioms for extensive structures except possibly associativity. It turns out that
these structures have (O-representations for some © (where of course in this case O may
not be associative), and these representations are “unique’ in the sense that if ¢ and ¢ are
two (D-representations for & such that for some x, ¢(x) = (x), then ¢ == . (See
Theorem 2.3 for an exact statement of this result.)

Extensive structures naturally appear in theoretical physics, where all the basic units
of measurement form extensive structures. In psychology, direct applications of extensive
structures to empirical phenomena is far more rare: Psychological concatenations of
stimuli are not common, and when they do occur, are usually nonassociative. However,
psychologists have successfully utilized “indirect concatenations” through the techniques
of conjoint measurement. It was probably Luce and Tukey’s 1964 paper on additive
conjoint measurement which stimulated research on the idea that interactions between
variables can be viewed as a positive concatenation structure. We will now briefly outline
this procedure.

Let > be a weak ordering (i.e., a transitive and connected) relation on the nonempty set
Y x P. Assume ab is the smallest elementin ¥ X P, ie.,yp Z abforallypin Y x P.
By assuming a condition called independence (if xb = yb then for all p in P, xp = yp;
and if ag 2> ar, then for all zin Y, 2¢q > 2r), = naturally induces weak orderings >, and
Zp on Y and P, respectively. To conform to our previous notation, we will assume the
two latter orderings are total orderings and write them as >y and =, . By assuming
a condition called local solvability (for each xp in Y X P, there exist ¥ and ¢ such that
yb ~ xp and xb ~ aq), a function f from Y onto P and an operation Oy on Y can be
defined such that for all x, y in Y,

(x Oy 9)b ~ xf (), (1.1)

so that in the sense of Eq. (1.1), the concatenation operation Oy captures the interaction
between the Y and P dimensions of the structure (Y X P, =>. With a few very plausible
assumptions about the ordering >, % = (Y, 3>y, Oy) becomes a positive concatenation
structure. (The interested reader should consult Narens & Luce [1976] for a correct and
precise statement of this result.) Now for % to be an extensive structure, Oy must be
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associative, and this can only happen if additional conditions are imposed on the ordering
- One frequently used condition that is equivalent to the associativity of Oy is called
double cancellation and is extensively discussed in Krantz et al. (1971). However, in most
interesting psychological situations such conditions seem to fail.

Extensive structures have two important properties in measurement: They have additive
representations and have (O-representations (e.g., (O == -}-) that are ratio scalable.
Positive concatenation structures with nonassociative operations cannot have additive
representations; however, as will be shown in this paper, they can have (O-representations
that are ratio scalable. Since ratio scalability rather than additivity is the essential ingre-
dient in many measurement situations (e.g., dimensional analysis in physics), these types
of positive concatenation structures provide the basis for a natural generalization of much
of current measurement theory.

To summarize to this point, extensive structures have wide use in physical measurement
but little in psychology. In fact, empirical structures of the form (X, >, O are not very
important in psychology since natural psychological concatenations of stimuli are difficult
to find. In psychology, conjoint structures are much more natural and prevalent, and in
a natural way, important psychological conjoint structures can be interpreted as structures
of the form & = (X, >, O), but where & is a positive concatenation structure rather
than an extensive structure. Although positive concatenation structures do not have
additive representations unless they are extensive structures, they do have representations
with strong uniqueness results and may have (O-representations that form ratio scales.
All of this suggests that a closer look be given to positive concatenation structures, and
this is what we do in this paper.

In Section 2, positive concatenation structures are studied in terms of their automor-
phism groups, and it is shown that the total ordering relation > of a positive concatenation
structure Z naturally induces a total ordering 2>’ on the automorphism group of " by
the definition

o =" B iff for some x, o(x) = B(x).

What is probably the most surprising result of this section is that the resulting ordered
group of automorphisms is Archimedean and thus any two automorphisms must
commute.

In Section 3, fundamental unit structures are investigated. These are positive con-
catenation structures & = <X, >, O) such that (X, >>> is Dedekind complete and &
is homogeneous in the sense that for each x, y in X there is an automorphism o of Z" such
that «(x) = y. The principal results of this section are that (1) such structures have
(O-representations that are ratio scalable for some O, and (2) if ¢ and i are O and ©'-
representations for &, respectively, that are ratio scalable, then for some positive reals »
and s, p = . Alternative characterizations of fundamental unit structures are also
considered in this section.

Section 4 is concerned with numerical fundamental unit structures. The principal
result of this section is that explicit methods can be given for transforming such structures
into representations that are ratio scalable provided that certain weak differentiability
conditions hold.



196 COHEN AND NARENS

Section 5 gives necessary and sufficient conditions for the imbeddability of positive
concatenation structures into fundamental unit structures.

2. PosiTIvE CONCATENATION STRUCTURES

Throughout this paper, Re will denote the real numbers, Ret the positive reals, I the
integers, and It the positive integers. A function O : Y X Z — X is said to be a partial
(binary) operation on X if Y and Z are subsets of X, and a closed (binary) operation (or
just operation) if Y = Z = X.If O is a partial operation, then ¥ O y is said to be defined
if (%, ¥) is in the domain of O, and otherwise ¥ O y is said to be undefined. As usual,
1x = x, and if (nx) O x is defined for some # in I*, then (n 4 1)x = (nx) O .

DeriNiTION 2.1. Let X be a nonempty set, > a binary relation on X, and O a
partial binary operation on X. The structure & = (X, =, O) is a totally ordered,
positive concatenation structure if and only if the following seven axioms hold for all w,
%9, 2in X:

Axiom 1. Total ordering: >= is a total ordering.
Axiom 2. Nontriviality: There exist #, v in X such that u > v.

Axiom 3. Local definability: If x O y is defined, x > w, and y > 2, then w O 2z is
defined.

Axiom 4. Monotonicity: (1) if x O zand y O 2z are defined, then,
xxzy ff xOz2x=y0z3
and (ii) if # O x and 2 O y are defined, then
xxy f 20x>=209.
Axiom 5. Restricted solvability: If x > y, then there exists # such that x > y O u.

Axiom 6. Positivity: If x O yis defined, then x Oy > xandx Oy > ».

Axiom 7. Archimedean: There exists n € I+ such that either nx is not defined or
nx = v.

ConveNTION. Throughout the rest of this paper let Z' = (X, 2>, O) be a totally
ordered, positive concatenation structure.

DErFINITION 2.2. x; is said to be a net in & if and only if x; is a sequence of elements
of X such that for each x in X there exists n in I't such that for all{ > n, x > x, .
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Lemma 2.1.  The following three propositions are true:
(1) For each xin X there exists y in X suchthat x > y O y.
(ii) There exists a net in %
(i) For each net x; in &, {nx; | n, ¢ € I} is a dense subset of (X, .
Proof. Lemmas 2.1 and the proof of Lemma 2.2 of Narens and Luce (1976). ]

DerFINITION 2.3. o is said to be an automorphism of & iff a: X — X is onto X and
for each x, y in X, x 2= y iff a(x) 2= a(y), and a(x O y) = a(x) O «(y).

ConveNTION. Throughout the rest of this paper let ¢ denote the identity automor-
phism of Z.

TueoreM 2.1. Let o be an automorphism of %. Then the following three propositions
are true:

(@) If ox) = x for some x, then oo = 1.
(i) If ox) > x for some x, then o y) > ¥ for all y in X.
(iii) If a(x) < x for some x, then o y) < y for all y in X.

Proof. Case 1. Y = {x|ax) = x} contains a net. Then o(x) = x for some x.
Suppose u is such that o{u) 5= 4. We need to only show a contradiction. If # > a(x),
then by Lemma 2.1, part (iii), let ¥ in Y and # in I'* be such that

u > ny > aft). (2.1)
Then by Definition 2.3,

o) > ony) = nuly) = ny,

which contradicts Eq. (2.1). Similarly «(u) > u leads to a contradiction. Thus o) = u
foralluin X, ie.,x = ¢

Case 2. B = {x| ox) > x} contains a net. Then ofx) > x for some x. We will show
«(y) > y for all y in X by contradiction. First suppose # is such that # > o(x). Then by
Lemma 2.1, part (iii), let # in J* and y in B be such that

u> ny > ofu). 22)
Then by Eq. 2.2,
ou) > ony) = nofy) > ny,

which contradicts Eq. (2.2). Next suppose that v is such that «(v) = v. Since B contains
a net, let w in B be such that w < v. Then since  is in B, o(w) > w. By restricted
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solvability, let 2 be such that a(w) > @ O 2. Let ¢ in B be such that 2 > ¢. Then o(t) > ¢
and by monotonicity,

ow) > w O t.
Thus
o¥(w) > o(w) O aft) > (w O t) O t > 24,
and
() > o(w) O a(t) > (2) O o(t) > (21) O t = 31,
and by induction,

of(w) > nt,
for each » in I*. Thus by Archimedean, let m in I* be such that

(@) > ©. (23)
Since v > w and «(v) = ¢,

o(v) = v > ofw),
(o) = a(v) = v > a¥w)

and thus by induction,

v > oa™(w),

which contradicts Eq. (2.3). Thus, in summary, we have shown o y) > y for each y in X.

Case 3. C = {x | a(x) < &} contains a net. Then C = {x | «~Y(*) > ¥} contains a
net, and thus by Case 2, o'(y) > yforall yin X, i.e., ¥ > oy) for all y in X.

Since by Lemma 2.1, X contains a net, it follows that Case 1, 2, or 3 must hold, and the
theorem immediately follows. ||

DerINITION 2.4. ¢ is said to be a O-representation for Z if and only if p: X — Ret
such that the following three conditions hold for all x, y in X:

(i) <p(X), =, ©) is a positive concatenation structure;
(i) x>y iff px) = @(¥);
(iii) @(x O ) = o(*) O ¢(y)-
TueoreM 2.2. There exist O and @ such that ¢ is a O-representation for Z.

Proof. Theorem 2.1 of Narens and Luce (1976). |
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Lemma 2.2. The following two propositions are equivalent:

(i) For all O-representations @ and i of & such that o(X) = Y(X), if for some x,
P(x) = Y(x), then @ = .
(i) For all automorphisms « of &, if for some x, a(x) = x, then o = 1.

Proof. Assume (i). Let « be an automorphism of 2" and x be such that a(x) = x.
By Theorem 2.2, let ¢ and © be such that ¢ is a (O-representation for Z. Then pa is a
(O-representation for £ and (X)) = pa(X). Thus, by assumption, ga = ¢. Since « is a
one-to-one function, it follows that « is the identity, «.

Assume (ii). Let @, s be O-representation for £ and let x be such that ¢(x) = ().
Then ¢4} is an automorphism and x = @~Lj(x). Thus, by assumption, =1 =, and
therefore o = 3. ||

Tueorem 2.3. Suppose o, i are (O-representations for &, o(X) = P(X), and xe X
is such that p(x) = (x). Then ¢ = .

Proof. Let a = ¢ %. Then a is an automorphism of Z and ofx) = x. Thus by
Theorem 2.1, « = ¢, and thus, since ¢ and i are one-to-one functions, ¢ = . ||

Narens and Luce (1976, p. 201) prove Theorem 2.3 with different assumptions, namely,
that the assumption ¢(X) = ¢(X) is replaced by: For each x in X there exists y such that

x=y Oy

DrrFINITION 2.5. Define the binary relation >’ on the set of automorphisms of Z,
A, as follows: For each «, 8 in A4, « >’ B iff for some x in X, o(x) > B(x).

ConveNTION. Throughout the rest of this paper we shall confuse notation a little
and often write = for 3>’ (as defined in Definition 2.5). We shall also let 4 denote the set
of automorphisms of X, and often we shall denote composition of members of 4 by an
asterisk. (Thus a[B(x)] = (« * 8)(x).) Furthermore, % will denote the structure {4, >, *)
and will be called the (totally) ordered group of automorphisms of . We will often follow
the practice in mathematics of confusing 4 and ¥, i.e., « € ¢ will mean that « is an
automorphism of &. We will also often write integral multiples of elements of 4 in
exponential notation, a = al, and o™+ = o * .

THEOREM 2.4. 9 is an Archimedean, totally ordered group.

Proof. Tt is well known that <4, x> is a group.

Let «, B, v be arbitrary elements of 4. Note that by Theorem 2.1,
a = Biff ofx) = B(x) for some x 2.4)
iff o(y) > B(y)  forall yin X. '

We will first show that {4, >>> is totally ordered.
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(Transitivity) Suppose « > B and B> y. Then by Eq. (2.4), «(y) > B(y) and
B() 7 () and thus o(y) 2> y(¥) for all y in X Therefore o = y.

(Connectivity) By Eq. (2.4), either for each y in X, of ) 2= B(y), or for each y in X,
B(¥») >= a(y), and thus either « 2> B or 8 2> «. Now suppose « >>= B and B > «. Then

for each y in X, a(y) 2> B(y) and B(y) >= «(y), i-e., (y) = B(¥), and thus « = B. Thus
>= is a total ordering on 4.

We next show that ¢ is an ordered group: Let y be an arbitrary element of X. Then
by Eq. (2.4),

a2z Biff «(y) > B(y)
iff yla(y)] > vIB(3)]
iffy xazzyxp,
and

a > Biff «(y) > B(y)
iff a[y(3)] 2= Bly(¥)]
iffaxy=f*xy.

Finally, we will show that % is Archimedean. Suppose o > ¢. We need only show that

«® 2= B for some n in I*. Suppose not; i.e., suppose that 8 > o” for all # in I'+. A contra-
diction will be shown. Let x € X. Since o > , it follows from Eq. (2.4) that

afx) > x) = x.

By restricted solvability (Axiom 5, Definition 2.1), let « be such that

%) > x O u.
o2(x) > ol O #) = afx) O o) > (x O u) O u> 2u,

and
o¥(x) > a?(x) O o®(u) > (2u) O u = 3u,
and by induction, for each » in I+,
oa™(x) > nu. 2.5)
However, since 8 > o for each #in I+,
Bx) > on(x) > nu
for each » in I't, and this contradicts that £ is Archimedean. [

DEFINITION 2.6. «in A is said to be positive iff « > 1. & is said to be trivial iff 4 = {i}.
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% is said to be discrete if and only if & has a smallest positive automorphism. ¥ is said
to be dense if and only if ¥ is nontrivial and nondiscrete.

Tueorem 2.5. If & is nontrivial then O is closed.

Proof. Suppose ¢ is nontrivial. Let « be a positive automorphism of & and x, y be
elements of X. By Lemma 2.1 and restricted solvability, let #, v in X and m in I+ be
such that

o) > u O 0> u, (2.6)
o y) > mv >y, 2.7)
and ox) > x O u> x. (2.8)

It then follows from the proof that % is Archimedean (Eq. (2.5) in Theorem 2.4),
o™(u) > mu. 2.9
Thus by Eqgs. (2.6)-(2.9) and local definability,

o™ x) > o™ O u) = oa™x) O oa™u) > x O a™u) > x Omv>x Oy,
ie, x Oy is defined. [

TuEOREM 2.6. Suppose O is not closed and ¢, |y are (O-representation for X such that
9(X) = W(X). Then ¢ = .

Proof. By Theorem 2.5, the identity, ¢, is the only automorphism of &. Since ¢~ is
an automorphism of &, ¢~% = ¢, and thus ¢ = ¢ since p and ¢ are one-to-one functions.

ExampLE 2.1. (Examples of positive concatenation structures with dense groups of
automorphisms.) For each r, s in Re*, let a,(s) = r - 5. Let O;, O, , Oy be defined on
Ret as follows: For each «x, y in Re*,

x Oy =x+y,
xozy:x_'_y_l_xl/z.yl/z’
x Ogy =x+y+ a3

Then it is easy to verify that O, is associative, O, is commutative and nonassociative,
(O, is nonassociative and noncommutative, and 2, = (Ret, =, O, &, = Ret, >,
O, &3 = (Ret, =, Qg are positive concatenation structures, and for each r in Re*,
o, is an automorphism for &, , % , %5 -

Examples of positive concatenation structures with discrete and trivial groups of
automorphisms will be given later.

The following lemmas are used in the subsequent development.
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LemMa 2.3. Suppose o is a positive automorphism of &, ] is an infinite subset of I't,
andy e X. Then{o—"(y) | ne J}is a net.

Proof. Suppose not. Let v in X be such that «="(y) 2> v for each n in J. Then it
follows that there exists x such that «=*(y) > x for each n in [ since X contains a net.
Thus y > o”(x) for each n in J. By restricted solvability, let u be such that a(x) > x O
# > x. Then by the proof that % is Archimedean (Eq. (2.5) in Theorem 2.4), it follows
that for each zin J,

y > a®(x) > nu,

which contradicts that 2 is Archimedean.

Lemma 2.4. Suppose & is dense and x, y are elements of & such that x> y. Then
there exist o, B in A such that

x> ofx), B(y) > 5.
Proof. We will first show that there exists a positive § in 4 such that x > 8(y) > y.

Suppose not, i.e., suppose for all positive 8 in A4, B(y) > x. A contradiction will be
shown. Let 2 be such that x > y O 2. Then for each positive y in 4,

W) Fx>yOz> 3
YY) > Ay O2) =9y) OvR)>¥y) Or> %02 =2,
() > ¥y O 2) = ¥ () O ¥*(z) > ¥ () O 2> (22) O 2 = 33,

and by induction, for each n in I,
y(y) > nz. (2.10)

Let £ be a positive element of 4. Since &' is Archimedean, let m in I+ be such that

mz > &(3) @.11)

Since % is an Archimedean ordered group and is dense, let  be a positive element of 4
such that

£ ™ (2.12)
Then it follows from Egs. (2.12), (2.10), and (2.11) that

() > ™) > mz > £(9),

which is a contradiction. Thus for some positive 8 in 4, x > B(y) > y.
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By the above, let 8 be such that x > B(y) > ¥. Then

x> %) > BB =y |

Lemma 2.5. % is commutative.

Proof. By Theorem 2.4, ¥ is an Archimedean, totally ordered group, and it is well
known that all Archimedean, totally ordered groups are commutative. ||

LemMma 2.6. Suppose & is dense and z is an arbitrary element of X. Then {6(z) | 6 € A}
1s a dense subset of <X, =).

Proof. Let x, ¥ be arbitrary elements of X such that x» > y. There are three cases
to consider.

Case 1. x > z > y. Then by Lemma 2.4, for some 8 in 4, x > 6() > .

Case 2. z > x. By Lemma 2.4, let « in 4 be such that x > a(x) > y. Then ¢ > a.
Thus by Lemma 2.3, {a™(2) | # € I*} is a net. Thus let n be the largest positive integer
such that «"(z) 2> x. Then

x> a™(2) > ofx) > .
Case 3. vy > z. By Lemma 2.4, let 8 in A be such that ¥ > B(y) > y. Then B > .
Thus by the proof of Theorem 2.4, particularly Eq. (2.5), let @ in X be such that for all

n in I+, B*(2) > nw. Since & is Archimedean and p"+(z) > B"(z), it then follows that
there exists a maximal # in I+ such that y > 87(z). Then

x> B(y) = Bz > y. |

3. FuNDAMENTAL UNIT STRUCTURES

DeriNiTION 3.1, & is said to be homogeneous if and only if for each «x, y in X, there
exist o in ¥ such that a{x) = y.

DerFiniTION 3.2. Foreacha, Bin @, let « O’ 8 be the function from X into X defined
as follows: For each x in X,

(« O B)(*) = a(*) O B(*)-

LemMa 3.1. Suppose & is homogeneous and o, B are elements of 4. Theno O’ Bisin 9.

Proof. Let a be a fixed element of X. Since & is homogeneous, let y in ¢ be such that

(@) = (x O’ B)(a)-
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We will show that y = « OO’ B and thus show « O’ 8 is in %. Let x be an arbitrary
element of X. Since & is homogeneous, let § be an element of ¢ such that 8(a) = x.
Then, by the commutativity of ¥,

¥(#) = v[8(a))
= O[v(a)]
= 0[(x O’ B)(a)]
= b[a) O B(a)]
= b[«(a)] O 0[B(a)]
= of6(a)] O Blé(a)]
= a(x) O B(»)- 1

LemMa 3.2. Suppose X is homogeneous. Then nx is an automorphism of & for alln in I'+.

Proof. 1x is the identity automorphism, ¢, in 4. Suppose m € I+ and mx is in &. Then
by Lemma 3.1, (m + 1)x = (mx) O « is in . Thus by induction, nx is in & for all n
inl+. |

Lemma 3.3. Suppose for eachnin I+, nxisin 4. Then 4 is dense.

Proof. % is nontrivial. Suppose % is discrete. Let « be the smallest positive automor-
phism of 4. For each # in I'*, let A(n) be the positive integer such that o*™ = zx. Since
(n + 1)x > nx and « is the smallest positive automorphism in %, it follows that for each »
in I+,

oMt = (p - 1)k 2= o % aMP) = oA,
Let 2 be an arbitrary element of X. Then since a*™)(2) = nz, o?™(2) becomes arbitrarily

large for large #, and thus o—*")(2) becomes arbitrarily small for large #. Thus by restricted
solvability, let m in I*+ be such that

o(z) > 5 O aim(z),
Then
MM () = MM[a(2)] > Mm(2) O 2
=mz O 2 = (m+ 1)z = aMmH(2),

i.e., atmItl . gAm+1) But this contradicts that oA+l = gAm-1, §

Lemma 3.4. Suppose G is dense and & is Dedekind complete. Then & is Dedekind
complete.

Progf. Let B be a nonempty subset of automorphisms of 2 that is bounded above by
the automorphism o.
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Then for each x in X, {8(x) | B € B} is 2 nonempty subset of X bounded by a(x). Thus
by Dedekind completeness in (X, 3>, for each x in X, let

6(x) = Lu.b.{B(x) | B € B}.
We will show that @ is an automorphism of 4. Let x, ¥ be arbitrary elements of X.

1. We will show 8(x O y) = 8(x) O 8(y). Suppose 8(x C y) > 0(x) O 6(y). By
Lemma 2.6, let ¥ in 4 be such that

8(x O ) > v(x O ¥) > b(x) O 6(y). (3.1)
Since for each Bin B 6(x) 3= f(x) and 6(y) > A(»),
f(x) O 6(y) > B(x) O B(y) = B(x O »)
for each § in B. Thus for each B in B, y(x O 3) > B(x O ) and thus y > B. Therefore,

y(x O y) 7 Lub{f(x O y)|Be B} = b(x O y),

and thus contradicts Eq. (3.1).
Suppose 8(x) O 0(y) > 6(x O ). Let y in & be such that

6(x) O 8(y) > v(x O y) > 8(x O y). 3.2)

For all B in B,
vz O ) > 0(x O y) = Bz O »),

and thus y > B. Therefore, for each 8 in B,

y(®) > B(x) and  ¥(y) > B(¥),
from which it follows

(%) O v(y) > 6(x) O 6(y),
and since p(x) O y(¥) = y(x O y), it follows that
rx O ) 7 8(x) O &),

and this contradicts Eq. (3.2).

Since not 8(x O y) > 6(x) O 6(y) and not 8(x) O 8(y) > 8(x O ), it follows from
the fact that = is a total ordering that 8(x O y) == 6(x) O 8(»).
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2. We will now show that x = y iff 8(x) > 6(y). It is sufficient to show that if

% > y then 6(x) > 6(y). Thus suppose x > y. By Lemma 2.1, let z in X and m in I* be
such that

x> (m+ x> ma> y. (3.3)
From Eq. (3.3) and the definition of §,
0(x) 3= 0l(m + 1)z] 3= Bms) 3= 0(3). (3.4)
However, by part 1 above,
Of(m + 1)2] =(m +1)8(z) and  B(mz) = mb(3).
Thus since (m + 1) 6(z) > mb(z), by Eq. (3.4), 6(x) > 6(y).
3. We will now show that 6 is onto X. Let u be an arbitrary element of X. Let
Y = {8-(u) | Be B).
Then Y is bounded below by «(x). Since (X, >>) is Dedekind complete, let v be the

greatest lower bound of Y. For each g in B, since f~Y(u) > v, it follows that u >> B(v),
and thus # > 6(v). Suppose that # > 6(v). A contradiction will be shown. For each 8 in B,

u > 0(v) 3> B(v).

Let y in 4 be such that

u > H[0e)] > 6(o).
Then, for each g in B,

u>yx8(v) >y x Bv),
and thus since * is commutative,
u> B xy(v),

which yields

B) > 1(o) > v.
This contradicts v being the g.l.b. of Y. Thus # = 8(¢), and since % is an arbitrary

element of X, it follows that 8 is onto X.
Parts 1, 2, and 3 above establish that 8 is an automorphism of Z. 8 is an upper bound
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of B. Suppose the automorphism y is another upper bound of B. Then for each 8 in B
and each w in X, y(w) > B(w) and thus y(w) > 8(w), ie., y > 6. Thus 8 is the Lu.b.
of Y. |

DerinrrioN 3.3, % issaid to be a fundamental unit structure if and only if & is Dedekind
complete and homogeneous.

Lemma 3.5. Suppose & is Dedekind complete and % is dense. Then & is a fundamental
unit structure.

Proof. Let x, y be arbitrary elements of X. Let

B = {B|Bisin A and B(x) X y}

and
C ={B|Bisin 4 and f(#) > 3}.

Then B and C are nonempty subsets of 4 and (B, C) is a Dedekind cut of (4, >>>. Let 8
be the cut element of (B, C). Suppose 8(x) == y. A contradiction will be shown.

Case 1. 6(x) < y. Let y in A be such that

8(x) < ¥[0(x)] < »-
Then y % 6 is in B and § < y * 6 which contradicts that 8 is the cut element of (B, C)

Case 2. y < 6(x). Let y in 4 be such that
¥ < y[6(x)] < 6(x).

Then y x fisin C and y * 6 < 6 which contradicts that 6 is the cut element of (B, C). [

THEOREM 3.1. Let & be Dedekind complete. Then the following three propositions are
equivalent:

(1) 9 is dense;
(i) & is a fundamental unit structure;

(iii) nx is in 9 for each n in I+,

Proof. (i) implies (ii) by Lemma 3.5; (ii) implies (iii) by Lemma 3.2; and (iii) implies
(i) by Lemma 3.3. [

ExampLE 3.1. (An example of a Dedekind complete, commutative positive concatena-

480/20[3-2
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tion structure with a discrete group of automorphisms.) Let = (Ret, >, O), where O
is defined as follows: For each x, y > 0,

x Oy =x+y -+ ()2 - sinf} log(xy)])-
Then & is a positive concatenation structure, and «,, defined by
o) = ze*™"
is an automorphism of & for each nonnegative integer #. Thus & has a nontrivial group

of automorphisms. Now, if Z had a dense group of automorphisms, then by Theorem 3.1,
Bn(*¥) = nx is an automorphism of & for each z in I*. However, in general

Box O 3) 7 Bal%) O By)s

as one can easily verify by taking ¥ = 1 and y == 2. Thus & must have a discrete group
of automorphisms.

Lemma 3.6. Suppose & is a fundamental unit structure, ac X, and F is a function
from A into X which is defined by: For each o in A,

F(e) = ofa).
Then F is an isomorphism from (A4, =', O'> onto {X, =, O).
Proof. 1t immediately follows that for each «, 8 in 4,
axB iff F)>FO) (3.5)
Let a, B, y be arbitrary elements of 4 and suppose « O’ 8 = y. Then by Lemma 3.1,
«(a) O p(a) = ¥(a)-
In other words,
F(y) =F(« O" B) = F(a) O F(B). (3.6)

F is also onto X, since if y is an arbitrary element of X, and n in 4 is such that 7(a) = y,
then F(5) = y. Thus by Egs. (3.5) and (3.6), F is an isomorphism. [

Lemma 3.7. Suppose X is a fundamental unit structure. Then for each «, B, y in 4,

ak(B O y) =(axB) O (x*7)
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Proof. Let «, B, y be arbitrary elements of 4. Let x in X be such that (8 O’ y)(x) =
B(x)} O y(x). Then

[ % (B O 7)I(x) = o[(B O y)()]
= of(x) O y(x)]
= of B(x)] O ofy(x)]
= [o % B(#)] O [ox * p(*)]
= [(a % B) O (x * ¥)](%)-
Thus

a*x(BOy)=@*xB) O (xy). |

DrerFINITION 3.4. {@,f) is said to be a unit representation for & if and only if ¢ is 2
function from X onto Ret and £ is a function from Re* into Re*+ and the following two
conditions hold for all x, y in X:

(1) x> yiff o(x) > o(y);
(i) ¢(x Oy) = fle)e(y)] - ¢().

TreoREM 3.2. Suppose X is a fundamental unit structure. Then there exists a unit
representation for & .

Proof. Since (4, >, x> is a Dedekind complete, Archimedean ordered group, and
since it is well known that all Dedekind complete, Archimedean ordered groups are
isomorphic, let p be an isomorphism of {4, 3>, > onto the multiplicative group of the
positive reals, (Re*t, >, ->. Then for each «, B in 4,

az B iff g(e) = (). (3.7
Let H: Ret X Re* — Ret be defined as follows: for each «, 8in 4,
H[p(a), p(B)] = p(x O’ B). (3.8)

Let 7, s, t be arbitrary elements of Re*. Since ¢ is onto Re™, let «, B, ¥ in 4 be such that
(o) = r, (B) = s, and @(y) = t. Then

H(rs, rt) = H[p(o) * 9(B), p(a) - ¢(¥)]
= Hlp(a * B), pla * )]
= @[(a * B) O (x x y)]
= gla x (8 O" )]
= g(a) "B O )
= () * H[p(B), ¢(¥)]
=r -+ H(s, t).
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Thus for each 7, s, ¢ in Re*,
H(rs, rt) = rH(s, t). 3.9

Let f(s/t) = H(s/t, 1). Then by Eq. (3.9), for each s, ¢ in Re,

H(s1) = H (-, 1) = (5,1) =f(5) ¢ (3.10)

t

Thus by Egs. (3.8) and (3.10) let f be such that for each o, 8 in 4,

oo OB = f L] - vlB) (3.11)

Since (X, >=, O) and <4, >=, O’ are isomorphic, it follows from Egs. (3.7) and (3.11)
that Z has a unit representation. ||

TrEOREM 3.3.  Suppose Z is a fundamental unit structure and {g, f > is a unit representa-
tion for Z. Then the following six statements are true for eachr, s in Re*:

@ fO>1

(i) 7= 1iff f(rs) <rf(s);
(i) f(r)>r;

() r=siff f(r) = f(s)
() limy., f(us)fu = s;
(vi) lim,,, f")(1) = oo,

where f1")(r) is defined for n in I+ as follows:
fW(r) =f(r) and  fU(r) = fLfT7(r)].
Proof. Letr, s be arbitrary elements of Re*.

(i) Since ¢ is onto Ret, let u, v in X be such that » = @(u)/p(z). Then, since
uQuv> v,

122 #0) > oto),

and thus f(r) > 1.

(ii) Leta, b, cin X and # in Re* be such that

p(a) = rt, pb) =1, o(c) = rst.
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Then
r>=1 iff 1>
it @(a) = (b)
iff azb
ff cQaxcQb
iff glc O a) = glc O b)
it f[E0] - ola) = 7[L0] o)

@(a)
i f(rst) t>f(r8t)t

rt
it f(s)yr = f(rs).
(i) Let a, b in X be such that g(a) = rs, ¢(b) = 5. Then since a O b > q,

pla O b) > ¢(a),
and thus

1[5 - #68) > ota)

and therefore
7s
F() s>
Le., f(r) >r.
(iv) Letw, v, tin Re* be such that r = /v and s = #/v. Let %, y, z in X be such
that @(x) = u, ¢(y) = ¢, and ¢(2) = v. Then

r>s iff

QIR
\%
Q-

iff
iff «x

t

&
A\

A%

y
ift xOz22=v0=
it ¢lx O2)=e(y O2)

it f[ 2] ote) > /[ S8 o)

i 1e=r()e
i f(r) = f(s).
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(v) Let € > 0. Let y and = in X be such that ¢(y) = s and ¢(z) = s(1 4 €).
Then 2 > y. Let u be an arbitrarily large element of Re* such that (by restricted solva-
bility)

ey 09 (1) >

Then
?(2) > ¢ [y O¢t (%)] > o(y),
ie.,
s(1 -+ €) >f[——¢(—y)—] <@gl (l) > s
e '(1/u) A
and thus

A1+ ) > f) 1> (3.12)
Since Eq. (3.12) is true for arbitrarily large u for each € > 0, it follows that

lim]lui) ==

U0 k73

(vi) Let xin X be such that ¢(x) = . Since & is Archimedean and O is a closed
operation (Theorem 2.5), nx becomes arbitrarily large for arbitrarily large # in I*, and
thus, since ¢ is onto Re*, p(nx) becomes arbitrarily large for arbitrarily large » in I+,
Now,

P(2x) = p(x O %) = f(1) - @(x) = fU -1,

#(3%) = 922 O ) = [ 222 ] - ()

@(*)
f[1]r- ¥ ) - =f[2](1) .7,

= f(

and by induction,
p(nx) = fir=t(1) - 7.
Since g(nx) — 00 as n — 00, lim,,,,, fI"(1) = co. |

TaeoreM 3.4,  Suppose f: Ret — Ret is such that statements (i)—(vi) of Theorem 3.3
hold for all r, x in Re*. Let O be the binary operation on Re* such that for all r, s in Re¥,

r@s-.——f(r)-s.

s

Then (Ret, =, ©O) is a fundamental unit structure.
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Proof. We will first show that {(Ret, 2>, ©) is a positive concatenation structure.
Let 7, s, t be arbitrary elements of Re+.
Total ordering, nontriviality, and local definability immediately follow.

Monotonicity.
sQr=tQoOr iff f(% -r}f(%)'r )
# £(7)=7(3)
iff i)-t_
r r
if s>t
rOs=r(Ot iff f(%) s=f %)t
(i)
i 1(5) 2 0(5) “

but by statement (ii) of Theorem 3.3,
iff - >1
4
if s>t

Restricted  solvability. Suppose r >s. Since f(u) >u for all % in Ret and
lm, ,, f(us)/u = s, let v in Ret be such that » > f(vs)/v > 5. Then since s O 1jv =
f(ws) - 1/v, it follows that r > s O 1/v > s.

Positivity. Since f(r[s) > 1,
T®S=f(%)-s>s.
Since f(r[s) > 7/s,

r@s=f(%)-s>r.

Archimedean. Let [1]r = r, and for each n in I+, [n - 1]r = ([#]r) © r. Then
[2r] = r © r = fU(1) - . Suppose for n = 2, [n]r = fI*-1)(1) - 7. Then

[+ 1lr=[m]Or r.f[[_’:’l]_] .y =f[f[n—1]r(1).r].r
= fIn)(1) - 7.
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Thus since lim,,,, fI*}(1) = oo, [#r] becomes arbitrarily large for arbitrarily large »
in I*, and therefore Archimedean is satisfied.

We will now show that (Re+, 2>, ©) is homogeneous. Let p, 7, s be arbitrary elements
of Re*. Define a,: Ret — Re* as follows: For each ¢ in Re*, a,(¢) = p - t. We will show
that «,, is an automorphism of (Re+, >, O>. It is immediate that «,, is crder preserving.
Furthermore,

walr ©8) =l © ) = of () s =7 (55) s
= (#) © (#5) = 43(r) © (o).

Thus a, is an automorphism. Since «,/,(r) = s, (Ret, >, ©) is homogeneous. |

TrEOREM 3.5. Suppose (o, > and (b, g> are unit representations for &. Then there
exist s, t in Re* such that for each r in Ret,

g=sitt and  f(r) = glriylt

Proof. We will first consider the case where z is an element of X such that ¢(2) =
J(2) = 1. Define © and O’ on Re* by u O v = f(ufv)v and # O’ v = g(ufv)v. Let
L = ygL. Then it is easy to show that L is an isomorphism from %, = (Ret, =, O
onto %, = (Re*, >, O"). It is easy to show that multiplications by reals are auto-
morphisms of #; and #, and that (Re*, ==, -> is the group of automorphisms for both
Z, and %, . For each 7 in Re*, let A(r) = L-rL, where h(r) is to be interpreted as the
automorphism p of %, (interpreted as multiplication by p) such that for each # in Re,
pu = L[rL(u)]. Then it is easy to verify that & is an automorphism of (Re*, =, .
Since it follows from Hélder’s theorem that all automorphisms of (Re™, *, =) are
positive real powers, let ¢’ in Re* be such that for all » in Re*, A(r) = r*". Then for each
xin X,

L7rLep(x) = r¥g(x),
ie.,
rLeg(x) = L[rg(x)],

which by substituting ! for L yields

rpe~lp(x) = de i rVp(x)],
ri(x) = o7 r" ()] (3-13)

Now taking x = 2 in Eq. (3.13) and remembering that we assume ¢(2) = ¢(2) = 1, it
then follows that

r =),
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i.e., that
H(r) = g1 (r"). (3.14)

Since Eq. (3.14) is true for all 7 in Ret, it follows that for each x in X, J(x)¥' = ¢(x).
Letting ¢ = 1/t', we then get

@ = YL, (3.15)
Now since we assume ¢(2) = (2) = 1, it follows from Eq. (3.15) that for each v in X,

(v O 2) = ¢(v O 2)!

— (/[ 22 ota)) (3.16)

= fle(@)"

However, it is also the case that for each v in X,

wo 0 ) =g [ L] yiz)

i) (3.17)
= gl(v)].
Thus by Egs. (3.15)-(3.17), for each v in X,
Flp(@)) = gl()] = gle(v)]. (3-18)
Since @ is onto Ret, Eq. (3.18) yields for each 7 in Re,
) = gy (3.19)

We will now consider the case where it is not necessarily true that ¢(2) = (3) = 1
for some z in X. Let z be an arbitrary element of X. Let ¢" = ¢/p(2) and ¢’ = J/y(2).
Then it is easy to verify that {¢’, f> and (', g are unit representation for Z and ¢'(3) =
J'(2) = 1. Thus by Eq. (3.19),

f(r) = g(rty "
Furthermore, by Eq. (3.15), ¢" = ¢/'1/, i.e.,
o [ g T 1 s
e~ el =] o
Thus letting s = @(2)/$(2)'/¢, we get

o=t |
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Unit representations for fundamental unit structures have multiplications by certain
reals which are automorphisms of a positive concatenation structure, as Example 3.2
clearly demonstrates. However, having automorphisms as multiplications by reals
severely restricts the forms of the positive concatenation structure, especially if smooth
differentiability conditions also hold. This is clearly shown in the next example and is
worked out in detail in the next section.

ExampLE 3.2. Suppose {p, O) is a O-representation for &, ¢(X) = Re*, and O
has an extension to a function H that has a power series expansion around the origin for
nonnegative reals, i.e., for each x, y > 0,

H(x, y) = 2 a;a'y’,
4.

where i, j range over nonnegative integers and for each x, y > 0, H(x,y) = x O y.
Also suppose H(0, 0) = 0 and (Re*, =, O) has a nontrivial automorphism that acts as
multiplication, i.e., suppose 7 in Ret is such that 7 == 1 and for all x, y in Ret,

rx O y) =r Oy
Then from H(0, 0} = 0, it follows that @y, = 0, and from r(x © y) = rx © ry that
rH(x, ) — H(rx,7y) = 0
for all », y > 0. In terms of the power series representation, this yields

r Z agxixd — Z (rx)i(ryy = Z a;xyi(r — rird) = 0,

,J @] 2.

which can only happen if for all 7, j
a;xiyi(r — rir’) = 0.

We have already shown agy = 0. If either ¢ > 1 or j > 1, then 7 — r%¥ £ 0, and thus
a;; = 0. Therefore the only possible nonzero terms are wheni =0, f =1, and i = 1,
j = 0. Therefore, for all x,y > 0,

H(x,y) = x Oy = ap¥ + a)- (3.20)

Since, by calculation, (© satisfies the bisymmetric law, (* O y) O @ O ) =(x O u) ©
(¥ © 9), by isomorphism QO must also satisfy this law, and thus Z is a bisymmetric
structure, i.e., for all p, ¢, w, 2 In X, (p O O (w O 2)=(p Ow) O (g O 2).
However, there is an asymmetry in the axioms for a positive concatenation structure,
namely, that restricted solvability and Archimedean (Definition 2.1) are defined using the
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““right side” of the operation. In terms of Eq. (3.20), @y, must be 1 since if gy, < 1, then
for sufficiently large x and sufficiently small y,

QY = ayux + apy <%,

and this contradicts positivity, and if @, > 1, then for sufficiently large x and y such that
x — v is a sufficiently small positive number, x > y, and for all 2 in Ret, y O 2 > «,
and this contradicts restricted solvability. Now it follows from an argument similar to the
one for the impossibility of ay; << 1 that it is impossible for a,, << 1. However, by the
asymmetry in the definition of restricted solvability, it is possible for a;, << 1. In fact
{Ret, =, @O, where @ is defined by ¥ Q y = x + 2y is a fundamental unit structure.
Now “left restricted solvability,” i.e., for each x, y in X, if x > y, then for some z,
x> 2 Oy, is a reasonable assumption for measurement theory, and if added as an
assumption for this case yields the conclusion @,y = 1,i.e.,x Oy = x -+ y,1.e,, Oisan
associative operation. Thus to summarize, if Z has a representation {p, O) with a power
series expansion for the operation O, and if (Re™*, 2=, ) has a nontrivial automorphism
that acts as multiplication, then O is a bisymmetric operation, and if in addition “left
restricted solvability” holds for &, then QO is associative.

4. CHARACTERIZATIONS OF AUTOMORPHISMS OF &

Throughout this section we will assume X is the set of positive real numbers, the rela-
tion 2= is 2>, and O is a closed operation.

The basic goal of this section is to find methods for transforming Z into a representa-
tion whose automorphisms can be characterized as multiplications by positive reals.
Unit representations have this property; however, some positive concatenation structures
with a discrete set of automorphisms also have this property, e.g., see Example 3.1. To
accomplish this goal, we assume that O has certain differentiability properties and then
give the explicit form of the appropriate transformation as an integral equation involving
the first partials of . This method can also be used to show that certain positive con-
catenation structures have only the trivial automorphisms.

ConvenTION. Throughout this section we will often write x O y as H{x, y). We will
also often write partial derivatives as subscripts, e.g.,

H

Holah) = 55|
a,

ConvenTION. Throughout this section, it is convenient to sometimes appropriately
extend the automorphisms of & and the operation H so that they take values at 0. This is
done as follows: For each « in A, let «(0) = 0, and for each x in X, let H(x, 0) =
lim, ., H(x, y) = « and let H(0, 0) = 0. However, by the asymmetry between x and y
in the restricted solvability condition, lim, , H(x, y) need not be y; thus we define
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H(0, y) = lim,,q H(x, y). Then for each a in 4, « and H are monotone on {0} U X, «
is onto {0} U X, o(0) = 0, and for all %, y in {0} U X, of H(x, y)] = H[a(x), of ¥)}.
Throughout this section, we use the following theorem of real analysis:

TueoreM 4.1 (The Inverse Function Theorem). Let f: Ret — Re be continuously
differentiable in an open interval containing a. Then there exists an open interval S containing
f(@) such that the inverse of f, {2, exists on S and is continuously differentiable there, and
is such that for all y in S,

(Y () = (o

DerFiniTION 4.1. H is said to be smooth if and only if H, H, , H, are continuously
differentiable on X. H is said to be smooth at O if and only if for each x, ' € X
lim, o H,(x, t)/H,(x", t) exists and is finite.

THEOREM 4.2. Suppose H is smooth and o in A is continuously differentiable on X.
Then the following three statements are true:

o () Hy(o(x), (1)) (4.1)

0 0 = i "

(ii) If in addition H is smooth at O, then lim, o H (x, t)/H (%, t) may be written as
g(x)/g(x") for some function g. Furthermore, in this case for each o in A and x in X,

o (%) g(x) (o)) = K, (“4.2)

for some constant K, dependent only on «.

(iii) Let H be smooth on X and at 0, let g be as in part (ii), and

&= " dtje(t). 4.3)

Then for each continuously differentiable o in A, o(z) = J" YK, ](2)). The map w: A — Re,
defined by w(e) = K, , is an isomorphism from the continuously differentiable automorphisms
on A onto a multiplicative subgroup of the positive reals. Furthermore, if we define O on

JX) by
x Oy = J(Jx) O JHy)

and for each o continuously differentiable in A,
a(z) = K2,

then ] is an isomorphism between x and & = {J(X), =, O and & is an automorphism

of J(X)-
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Proof2 (i) Since «is an automorphism of X,

iy Z0®), o(®)) — He(x), o(w)) _ ;= oAH(x, 1)) — o(H(x, u)) (4.4)

u-t t—u u-t t—u
However, by the chain rule we obtain

lim H(ofx), o(2)) — H((x), O‘(u))____

)~ o/ (2) H,(o(), oft). 45
Similarly by the chain rule we get
lim o(H(x, t)t) - Z‘(H &) _ o, 1)) Hys, 2). (4.6)
Combining (4.4), (4.5), and (4.6) we get
o (H(x, 1) = 2O ?{’;((‘;‘C("t)) ) @.7)

Letting £ — 0 and noting that &’ is continuously differentiable, we obtain

oy i 2 (8) Hy(ofx), o2))
@) =lm—ge

which is (4.1).

(ii) By hypothesis for each x, x" in X, lim, H,(x, t)/H(#', t) exists and is finite.
It then follows by elementary properties of limits that

lim Hy(x, 1)/ Hy(*', t) = g(x)/g(x"),
where

£(x) = lim Hy(x, 0/H,(%, )

for some fixed x, . Since H,(x, t) is strictly positive for each x, ¢ (i.e., since O is strictly
monotonic in both coordinates), g(x) > 0. From the assumption that H is smooth at zero,
it immediately follows that g(x) > 0.

Choose x, x’ arbitrarily. Then by elementary properties of limits and the fact that o/(x)
and o'(x") > 0,

2 Ideas for part of the proof of this theorem were suggested by Geoffrey Iverson.
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i () Hyfals), o)

) BT H,m0
P T T Bl @), o)
[ )

m Hol¥s 1) Hy(A2), o(2))
20 H(x, 1) Hy(ox'), o2))

= lim Hy(ofx), () . lim Hyx', 1)
B H, o), o) B D
_ 8(x(x)) g(x')
B CCOrCR “8)
Regrouping in (4.8) yields
() g) _ A()al) )

&((x)) &((x"))
However, since x and &’ are arbitrary, it follows that
o'(x) g(x)
2l _ k.,
(o))

where K, depends only on o. Furthermore, K, > 0 since g(x), g(x(x)), and o«'(x) are
positive.

(iif) Regrouping in (4.2), integrating, and utilizing the fact that «(0) = 0, we

obtain after a change of variables,

Po(x)dx e
[ oo =%l @
) gy tdy
[ =%
Jeal) = K, J(0).

Since g is strictly positive it follows that [ is differentiable and strictly monotonic
and therefore one to one. Therefore,

oft) = JHKJ(@))-

To show that w is an isomorphism from the set of continuously differentiable automor-
phisms of 4 onto a multiplicative subgroup of positive reals, first note that

o B(t) = «(B(2))
= oMK, J(2))
= JKJ(JKJ(2))
= JU(K, - KpJ(t))-
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Therefore wla * 8] = w(a) * w(B). Furthermore since « is strictly monotonic on Re™,
by the inverse function theorem, o1 is continuously differentiable if « is, and hence

wla ()] = w(o?) - w(w),
w() = 1,

where ¢ is the identity. Thus

(@(@)™ = afa™).

Furthermore w is order preserving since

o = B iff for some x, o(x) = B(x)

iff for some » Jw(w) J(%)) = J" w(B) J(%))
iff w(a) = w(B).

The above observations show that w is an order-preserving isomorphism from the
continuously differentiable automorphisms of 4 onto a multiplicative subgroup of

positive reals.
That [ is an isomorphism from <X, ==, O) onto {J(X), =, ©) follows immediately
from the definition of © and the monotone continuity of J. Furthermore,

& Jix) © J(3) =K Jx Oy)
= J(a(x O ¥))
= J(a(x) O «(y))
= J((x)) O J((»))
= K. J(x) O K. J(»)-
Thus

K J(®) O J(3) = K J(*) O K. J(9)-

Since [ is monotone continuous the result has been proved.

Theorem 4.2, especially part (ii), gives powerful methods for determining the form
and structure of differentiable automorphisms. However, to fully utilize this theorem,
we need to know general sets of conditions for which all automorphisms are continuously
differentiable on X. This is done in Theorem 4.5, where it is shown that if H is smooth,
then all automorphisms of & are continuously differentiable. The method of proof of
Theorem 4.5 uses ideas developed by Aczél (1966) for the solutions of functional equa-
tions.

TraeEoREM 4.3 (Differentiation of Integrals Theorem).
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Suppose f(x, y) and of [ox are continuous in the rectangle (x — ¢, x + €) X [a, b]. Then

[ e = [ 2w

dy,
Z.Y
and the derivative is continuous.

Lemma 4.1 (Implicit Function Theorem). Define the function G as follows: For each
xy,vin X, Gx,y) =viff y =x Qv. Suppose & is smooth and G(a,b) = c. Then
G, and G, exist and are continuous at (a, b).

Proof. Lefttoreader. |

Lemma 4.2. Suppose I is smooth, o is an automorphism of &', u, v € X, and u < v. Then

W) = [ ol ) (4.10)

is a continuously differentiable function of x.

Proof. Since « is monotonic and onto Re*, « is continuous. First we will make a
change of variables in Eq. (4.10). Let 0 = H(x, ). Let G(x, ) be defined as in Lemma
4.1. Then G(x,Q) = y. By Lemma 4.1, G is continuously differentiable at points for
which it is defined. Since dQ = H,(x, y) dy and H is monotonic in both variables, and
thus H (x, y) > 0, it follows that

g
Y= B G0N

Thus by changing variables we get

(R0 o(0)dQ
We) = . . e GG O

We will now show that W is differentiable in x. We first write W(x) in the form

W(x) = L[V(x), B(x), C(»)],

where

L(a,b,c):f:ﬁ%, a<bc<Q,

U(x) = H(x, v),
B(x) = H(x, u),
C(x) = x.

In order to apply the chain rule to L to show that W'(x) exists, we first must show that
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U, B, C are differentiable in x and L is continuously differentiable in each partial. U and B
are differentiable in x by assumption, and it is immediate that C is differentiable in x.
Let us consider L{a, b, ¢). 8L[0b exists and is continuous since

EQ,0) = X9 ___ 4.11
© 9= Hf, 601 @10
is continuous on (—e 4 H(x, u), € + H(x, v)) X (x — ¢, ¥ -+ €) for some ¢ > 0 and since,
by the fundamental theorem of calculus,

;i(iz f "EQ, ) d0 = Ex, o).

Similarly, oL/¢a exists and is continuous. To show 0L/0c exists and is continuous, the
differentiation of integrals theorem is used. Letting E(Q, ¢) be as in Eq. (4.11), we note
that E(Q, ¢) is differentiable in ¢ since by assumption (8/0z) H,(z, p) exists and is con-
tinuous and since by Lemma 4.1, (8/0z) G(z, p) exists and is continuous. Thus by
holding O constant and applying the chain rule,

98 _ —a(Q) - Gle Gt )
ac — [H,(c, G(c, D) (Hyyle, Gle, 0)] + H,le, G(c, 0)] Gao(c, Q). (4.12)

Thus, since E, is formed by taking compositions, sums, and products of continuous
functions, E, itself is continuous. Combining the above results we get

W) _eLoU ol oB | L oC
dx ~ Oa ox ob ox Oc Ox
_ ofH(x, v)] . o H(x, u)]
= Hx, o) %) H,(x, u)

J«H(:c.v) ok

H(z,u) oc

(4.13)
H,(x, u)

dQ,

from which it immediately follows that 1W’(x) is continuous, [|

Tueorem 4.4.  Suppose & is smooth and o is an automorphism of &. Then o is continu-
ously differentiable on Re*.

Proof. Since o is an automorphism of %, the functional equation

ofH(x, y)] = Hlo(x), o 3)] (4.14)

holds. Letting # < v and integrating both sides of Eq. (4.14) with respect to y, we get
v v
[ el ) dy = [ Hia®), «(9)] dy. (4.15)

480[20/3-3
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However, by Lemma 4.2 we know that the left side of Eq. (4.15) is a continuously
differentiable function, W(x), of x. Thus

W) = [ Hete), o)) dy (4.16)

and W'(x) exists and is continuous for each x in X. Let P be the function from Re*
into Re* defined by

P(s) = fu Hlz, «(y)] . @.17)

Since « is monotonic and onto X, « is continuous. Also, H is continuous and monotonic
increasing. Therefore P is continuous and monotonic increasing. Since H is continuously
differentiable, it follows that both H[z, o(y)] and H [z, o ¥)] are continuous on (z — e,
% -+ €) X [u, v] for some ¢ > 0. Thus by the differentiation of integrals theorem, P is
continuously differentiable, and since P is monotonic increasing, P'(z) > 0 for ail zin X.
Thus by the inverse function theorem, P has a differentiable inverse function, P-1.
Applying P~ to both sides of Eq. (4.16), we get

PW(x)] = P L HIo(), o(y)] dy = a(#).
Thus by the chain rule,
o(x) = (PHW ()Y - W(x). |
ExampiE 4.1. Let & = (Ret, =, O), where

xOQy=x+y+ xy.

Then & is a positive concatenation structure and O is smooth and smooth at zero. Since
H,(x,0) = 1 4+ x and H is smooth, g(x) = 1 4 x and therefore,

J&) = [ 15 = ol +

Thus

x Oy = JIJ7x © J(]
= log[l + (J7(x) O J7' ()]
=log[l - (*—1 O e¥ — 1)]
=logfl +e* — 14 e — 14 (e — 1)} ev — 1)]
== log[e®e¥]
=ux 4y
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Thus (Re*, >, O) is isomorphic to (Ret, =, 4> and J(2) = log(l + 2) is the isomor-
phism.

ExampLE 4.2. (An example of a Dedekind-complete positive concatenation structure
with a closed commutative operation that has only the trivial automorphism.) Let & =
(Ret, =, O), where

x Oy =ux-+y+ a2

Since H,(x, 0) = 1, g(x) = 1 and therefore

2) = | dt =z,
&) = [
and thus it follows that O is O, where O is defined by

x Oy = JIJ®) O J )]

Since by Theorem 4.5 all automorphisms of " are continuously differentiable and by
Theorem 4.3 all continuously differentiable automorphisms of (Re*, =, O are multi-
plications of reals, it follows from O = O that all automorphisms of £ are multiplica-
tions of reals. However,

102 =(-1)O (- 2)iffr 7 =3+ 4t
7 =3+ 4r3
iffr = 1.

Thus & has only the trivial automorphism.

5. Pre-UNIT STRUCTURES

Although the axioms for fundamental unit structures are straightforward and simple,
they are stronger than what one would like for measurement theory. In its present state,
measurement theory is concerned with idealizations of empirical processes. By their
nature, empirical processes are finite, and therefore their idealizations should be potentially
infinite, or at most denumberably infinite. Dedekind completeness forces fundamental
unit structures to have much higher cardinality. The homogeneity condition of funda-
mental unit structures (like Dedekind completeness) is not formulatable in first-order
languages; and the assumption of closed operations of fundamental unit structures
excludes many natural measurement applications. In this section we will avoid these
difficulties by axiomatizing a weaker structure that is imbeddable in a fundamental unit
structure.
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CoNVENTION. In this section we will often write x = (1/m)y or y/m = x for y == mx
when x,y € X and me I't,

DeriNiTION 5.1. % is said to be a pre-unit structure if and only if the following two
conditions hold for all x, y in X and all m in I+,

(i) Partial homogeneity: If either m(x O y) or mx O my are defined, then
mx O y) = (mx) O (my);
(i) Partial divisibility: There exists 2 in X such that mz = «.

Let & be a pre-unit structure. Then the partial operation (O need be not closed.
However, as the following theorem shows, & can be imbedded in a pre-unit structure
with a closed operation. The proof is straightforward but long, and we shall omit it.

TaeoreM 5.1.  Suppose Z is a pre-unit structure. Then & is isomorphically imbeddable
in a pre-unit structure with a closed operation.

Basically, partial homogeneity and partial definability is one way of saying that Z has
a dense set of “local” automorphisms. More precisely, a local automorphism of Z is a
function « defined on some nonempty subset Y of X such that forall x, y,x Oyin Y
and 2z in X:

(i) Ifx> 2, thenzeY;

(i) if a(x) > 2, then z2€ o(Y);
(i) alx O y) = a(x) O a(y);
() x> yiff ofx) > ofy).

A development similar to the one in Section 2 for automorphisms can be given for partial
automorphisms, and a result similar to Theorem 5.1 can be shown: namely, if & has a
dense set of local automorphisms, then & can be imbedded in a positive concatenation
structure with a dense automorphism group. However, we will not proceed further with
this topic in this paper.

Suppose & = <X, >, O is a pre-unit structure and O is a closed operation. Then nx is
defined for all # in I+ and all x in X. Thus by partial homogeneity and monotonicity, for
eachx, vin Xandeachnin I+, n(x O y) =nx O nyand x > y iff nx = ny, ie, nx is
an automorphism of &. By Lemma 3.3, & has a dense group of automorphisms. Observe
that x/n is the inverse of the automorphism #x and is itself an automorphism of X. We
will often write

m :’—; for m (%)

and note that since the automorphisms of & are commutative,

P4 mz
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We state two definitions and prove a lemma to be used in subsequent development.

DErFINITION 5.2. X, 1s said to be a standard sequence in & iff there are u, vin X, u > v
and either

(1) xiov>xivlou)
(i vOxz2uOx,.

ConventioN. U denotes the complement of U.

DerFinrTioN 5.3. Z is said to be strongly Archimedean if and only if every strictly
bounded standard sequence is finite.

LemMa 5.1. Suppose I is a pre-unit structure with a closed operation. Then X is strongly
Archimedean.

Proof. Suppose Z is not strongly Archimedean. A contradiction will be shown.
Let «; be an infinite standard sequence in & that is bounded by a in X. Let

% = {2 | zis in X and for some 7 in I't; x; > 2}.

Then € is clearly a bounded set. Let w be an element of %, and let
H = {o|oisin ¥ and o(w) e F}.
We will show the following three propositions:

(i) o and 5 are nonempty;
(if) J# contains positive elements;
(1) foreacho,nin ¥, if o € # and ¢ > 7, then 5 is in 7.

Proposition (iii) immediately follows from the definitions of € and J# and the definition
of > on %. To show 2 is nonempty, observe that x; > w for some ¢ in I*. Therefore
since ¥ is dense, by Lemma 2.4 there exists o in % such that x; > o(w) > w forall iin I,
which also shows that 5# contains positive elements. By the proof that % is Archimedean
(Theorem 2.1), there exists ¢ in X such that (@) > nt for all » in I*. By choosing n
such that nz > a, it follows that o is in 5. Thus we have shown propositions (i), (ii),
and (iii).

Now since x; is a standard sequence, without loss of generality, let », v be elements of X
such that # > v and x; O v > x;_; O u. We will show that there exists ¢ in # and &
in 57 such that o(u) > 6(v). Since ¥ is dense, by Lemma 2.4 there exists £ in % such that
u> &) > v. Let k& = max{m | {™e#}. By the above argument, % exists. Then
() > &+(v), € is in #F, 1 is in H. Thus letting ¢ = ¢* and 6 = ¢+, we get the
desired resuit.

Now to complete the proof of this lemma, let & in % ¢ in 3# be such that

6-Y(u) > o=X(2).
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By monotonicity in Z,
» O 54u) > w O o7(2).
Again by Lemma 2.4, let 5 in % be such that
w O 5(u) > 7(w) O 707v) > w O o-o).
Let p = max{m |y € 5#}. Then
7%(w) O 7767 u) > 17+ (w) O 9?0 (v).

But by the definition of p, o, &,

nPet <y,
pPHl > o,
n?e €,
and
n? Y w) e Z.
But then

7" (w) O u > 97 (w) O v.

Since 77 (w) € €, n*(w) > «x, for i € I'*. However, since 7?(w) € €, there exists j such
that x; > 7?(w). Therefore by monotonicity in Z,

% Qu>n?Mw) Ov> 4, OvZx0u
and this is a contradiction. [|

Suppose & = (X, >, O is a pre-unit structure and O is a closed operation. Let X
consist of all subsets Y of X for which the following three conditions hold:

(1) Yand X — Y are nonempty.
(ii) Foreachx,yinY,ifx > yandxe Y, thenye Y.

(iii) Y does not have a maximal element. For each x in X, let

x ={y|yeXand x > y}

Let X* = {x | x € X}. Then it immediately follows that X* C X. Define 22 on X as
follows: For each YV, Z in X,

YR ZifYDZ
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Define O on X as follows: For each Y and Zin X,
YOZ ={xecX|thereexistye Y, ze Z such thaty O 2 > x}.

Then the following lemma follows from the proof of Theorem 7.4, especially Lemmas 7.3,
7.4, 7.6, and 7.8 of Narens and Luce (1976). (Although the proof of Lemma 7.8 of Narens
and Luce (1976) uses an additional assumption called “interval solvability,” another
proof can easily be given that does not use this assumption.)

Levma 5.2. & = <{X,2, O) satisfies all the axioms for a totally ordered, positive
concatenation structure (Definition 2.1) except possibly for restricted solvability, monotonicity,
and positivity. Furthermore, O is a closed operation, (X, =) is Dedekind complete, X* is an
order dense subset of (X, 2=, and T* = (X*, 2', O and (X, 2=, O) are isomorphic,
where 2" and O’ are the restrictions of 22 and O to X*.

LemMA 5.3. Let Y, Z be arbitrary elements of X. Then the following two statements
are true:

() YOZ> Y,
() YOZ>Z

Proof. (i) Let Y, Z be in X and let Y O Z be given. Then by definition and by
positivity in &, ¥ O Z2 Y. Suppose that Y O Z =Y. Then there is a sequence y;
such that y; is in ¥ and

Yipr > ¥: O %

for a fixed z in Z. Since for arbitrary u < 2, y;,; O # > y; O 2, the sequence y; is a
standard sequence. Since by Lemma 5.1 & is strongly Archimedean, the sequence y;
is unbounded. However by definition of Y, there is a 2 in X such that 2 > y for each y
in Y. In particular, & > y, for each 7, and this contradicts unboundedness of the sequence.
The proof of (ii) is entirely similar. ||

Lemma 5.4. Let W, Y, Z be arbitrary elements of X. Then the following two statements
are true:

() WOZEWOVYifiz>7V;
(i) ZOWEZOYifZ =Y.
Proof. (i) Let Z > Y. It suffices to show that W O Z > W O Y. By definition of
O and monotonicity in &, WO Z2= W O Y. Suppose WO Z = W O Y, a contra-

diction will be shown. Since Z 2= Y and Z has no maxima, there are u, v such that 4 > v
and u, v are in Z — V. We will now show that there is a sequence of w; in W such that

Wi OO0z w; Ou.
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We define the sequence by induction. Let w, be an arbitrary element of W and suppose
w; is defined. Since w; O wisin W O Z, itisin W O Y, and so there exists y in ¥ such
that w;,; O ¥ > w; O u. But by definition of v, > y for each y in ¥, and from mono-
tonicity in & it follows that

Wipa OV > wy Oy > w,; O u

The sequence w; is a standard sequence, and since & is strongly Archimedean, it is
unbounded. However, by the definition of W there is a z in X such that z > w for each
in W. In particular 2 >> w; for each 7, contradicting the unboundedness of W. ||

LEMMA 5.5. & satisfies restricted solvability.

Proof. Let Y, W be arbitrary elements of & and suppose ¥ > W. Since X* is order
dense in (X, 22>, let #, v in X be such that

Y>u>v>W.
Then u >> v by the isomorphic imbedding of Z" into &. By restricted solvability in &,
let z in X be such that # > v > O 2> v. Then u > v O z > v. Thus by positivity
and monotonicity in &,
Y>u>»vOz> WOz> W,

e, Y>WOz>W. |

Lemma 5.6. ForeachY,ZinX,

YOZ=1lub{xOw|YZExand Z3> w}.
Proof. Let Y, Z be arbitrary elements of X and let
S =1lub{xOw|YZ>xand Z2> w}.

It immediately follows from the definition of © and 2= that Y O Z 2 S. Thus we need

onlyshowthat SO Y O Z. Letxe Y O Z. Letye Yand 2 € Zbesuch thaty O 2 > «.
Since & is a pre-unit structure, let « be an automorphism of 2" such that

YO 2>y Oz =oy) Ocz)> x

Then it follows that x is in y O z. Since ye Y and z€Z, Y2> y and Z 3 2. Thus
xeyOzeS |

The following lemma summarizes the results of Lemmas 5.2-5.6 in a more convenient
notation.
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Lemma 5.7. Let & = (X, =, Q) be a pre-unit structure with a closed operation O.
Then there exists an extension of X, &, = (X, =, O, with a closed operation O, such
that X is an order dense subset of {X;, =1, {X;, =) is Dedekind complete, and { X, , =,
Oy is a positive concatenation structure. Furthermore for each x, y in X, ,

2Oy =Llub{p O1qipge X, x>0,y >4}

Lemma 5.8. Let &, &'y be as in Lemma 5.7. Then y|n exists for each y in X, and each n
in I+,

Proof. Letye X;and nel*t. Let

oy m(y) = Lu.b. g’—"i ] xeXand y >, xl. (5.1)

Then

noy(y) =n [l.u.b. g | xeXandy = x

> lLu.b.

ng\xeXandy >1x§
:y.

Thus to show that no,,,(y) = y, we need only show that na; ,,() >, ¥ leads to a contra-
diction. Suppose noy /,(¥) > ¥. Since X is order dense in {X; , >=;>, let u in X be such
that noy /,(y) > #; > ¥. Since & is a pre-unit structure, ¥ = n(u/n). Thus nay . (y) >
n(ufn), which by monotonicity of 0, yields a;,,(¥) > #/ln. Thus by Eq. (5.1), let =
in X be such that a;,,(¥) 2> 2/ln > u/ln and ¥ >, . Then we have >, y >, = and
2/n > ufln which is impossible by monotonicity in &, .

Lemma 5.9. Let & and &', be as in Lemma 5.7. Suppose x, y are in X, and n ts in I+,
Then

n(x O1y) = nx Oy ny.
Proof. We need only show that both n(x O, ¥) >, nx O, ny and 2x O, ny >,
n(x O ) lead to contradiction.

Suppose n(x Oy y) >; nx Oy ny. Then by monotonicity of Oy, x Oy > (1/1n)
(nx Oy ny). By Lemma 5.8, let », v in X be such that x 3>, u,y =, v, and

1
¥ Oy > uOy o >1;(nx Oy ny).
Then since & is a pre-unit structure and by Lemma 5.7,

nx O19) > (e Oy v) = nu Oy nv >, nx O ny. (5.2)
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However, nx >, nu since x =, u. Similarly ny >>; nv. Thus by monotonicity,
nx Oq ny =, nu Oq 1o,

and this contradicts Eq. (5.2).

Suppose nx O ny > n(x Oy ¥). By Lemma 5.7, let 2z and w in X be such that nx >, 2,
ny >, w, and

nx Oy ny >3 2 Oy w > n(x O )

Since & = n{z/n), w = n(x/n), and & is a pre-unit structure, it follows that

nx Oy 1y > ”2 O "‘7:1‘}’ =n (2 O _Z“) >1n(x O1 ¥)- (53)

However, x >=; z/n and y >>; w/n by monotonicity of O;. Thus by monotonicity,
x Oy = 2/n Oy w/n, which by monotonicity of Q; yields

nx O1y) 71 1 (; O %\),

and this contradicts Eq. (5.3). |

TuroreM 5.2. Let &, &', be as in Lemma 5.7. Then &, is a fundamental unit structure.

Proof. By Lemma 5.7, Z, is a Dedekind complete, positive concatenation structure.
By Lemma 5.8, nx is an automorphism of &, for each # in I*. Thus by Theorem 3.1,
&, is a fundamental unit structure. [

THEOREM 5.3. Suppose X is a pre-unit structure. Then & is isomorphically imbeddable
in a fundamental unit structure.

Proof. Immediately follows from Theorems 5.1 and 5.2. [
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