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Abstract

In recent decades, cultural consensus theory (CCT) models have been exten-
sively applied across research domains to explore shared cultural knowledge
and beliefs. These models are parameterized in terms of person-specific cog-
nitive parameters such as abilities and guessing biases as well as item diffi-
culties. Although psychometric test theory is also formalized in terms of
abilities and item difficulties, a quality that clearly sets CCT models apart
from other test theory models is their specification to operate on data in
which the answer key is latent. In doing so, CCT models specify the answer
key as parameters of the model, and also involved with this specification are
procedures to verify the integrity of the answer key that is estimated. In this
article, the authors develop the following methods to propagate the applica-
tion of these CCT models in the field of social surveys: (1) by extending the
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underlying cognitive model to be able to account for uncertainty in decision
making (“‘don’t know’’ responses), (2) by allowing covariate information to
be entered in the analysis, and (3) by deriving statistical inference in the
hierarchical Bayesian framework. The proposed model is fit to data describ-
ing knowledge on science and on aging to demonstrate the novel findings
that can be achieved by the approach.

Keywords

social survey, cultural consensus theory, Bayesian hierarchical model, don’t
know (DK) response

1. INTRODUCTION

Cultural consensus theory (CCT) arose in cultural anthropology, in
which ethnographers are often faced with the task of identifying cultural
knowledge in a particular population (Romney, Weller, and Batchelder
1986; Romney and Batchelder 1999). In a typical situation, the cultural
knowledge is not known to the ethnographer ahead of time, so a central
goal of CCT is to provide a systematic method for inferring the consen-
sus answers by pooling the responses to a set of questions pertaining to
a particular domain of knowledge (Romney et al. 1986; Romney and
Batchelder 1999). CCT relies on formal cognitive and measurement
models to examine respondents’ shared cultural knowledge or beliefs.
Typically, a set of respondents answer various questions concerning a
specific topic. Consensus models describe the cultural consensus by
estimating a shared answer key while accounting for the knowledge lev-
els and response styles of the respondents.

A central tenet of CCT is that cultural understandings arise both
through direct experience and through learning from other members of
a culture. Cultural knowledge is thus a product of social context and
process. As a consequence, knowledge and understanding of various
content domains come to be more or less shared among members of the
same culture. This being the case, we expect there to be some degree of
within-culture consensus with respect to domain-specific knowledge. In
sociology, this contextual view of knowledge is paralleled to some
extent in the social construction of knowledge tradition of Berger and
Luckmann (1966), who described how a substantial amount of knowl-
edge is the product of society and of social processes. CCT formalizes
this theoretical insight and offers quantitative measures for the level of
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cultural consensus in a group, for the consensus answer, and for cogni-
tive characteristics of the members of the group. In this way, CCT mod-
els are able to directly measure cultural knowledge without a prior
hypothesis as to the culturally agreed upon answers. In contrast, tradi-
tional methods for summarizing responses to knowledge-based ques-
tions usually focus on analyzing performance relative to expert
established correct answers.

In this article, we introduce a CCT-based model to the field of survey
research to contribute to understanding of consensus knowledge in gen-
eral and to enable investigation of sources of individual differences in
decision making involved in responding to social survey questions.
CCT is potentially appropriate for any domain in which one expects
socially constructed knowledge or a belief system shared among mem-
bers of a population, society, or culture. Examples of CCT applications
include folk beliefs of the causes and treatments of diseases (Weller
1984a, 1984b; Hruschka et al. 2008; Baer et al. 2003; Weller et al.
1999), properties and uses of plants (Hopkins 2011), ecological rela-
tions among species (Atran et al. 1999; Medin et al. 2006), judgment of
personality traits in social networks (Batchelder, Kumbasar, and Boyd
1997; Agrawal and Batchelder 2012), national consciousness (Yoshino
1989), and extracting truth from eyewitness testimonies (Waubert de
Puiseau et al. 2012).

1.1. Latent Consensus Answer Key

One of our goals in this article is to demonstrate the applicability of
CCT to survey research on knowledge or belief areas. In these types of
questionnaires, typically there is a list of questions measuring some
knowledge domain (e.g., science, environment, treatment of illnesses),
and most likely respondents’ answers are scored as correct or incorrect
on the basis of an expert established correct answer for each question. In
contrast, in our approach, the established correct answers are not used in
analyzing the data, but rather a consensus set of answers is estimated by
fitting a CCT model, which then allows us to compare these consensus
solutions with other sets of answers for the same questions, such as
answers resulting from scientific investigations. However, we emphasize
that this method as applied here is not aimed at ascertaining what the
truth is. For example, in case of science knowledge items, we do not
claim to obtain scientifically valid answers with the CCT approach.
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Rather, we derive what the social consensus is on items—and along with
that, we test whether there is consensus at all—regardless of whether
that consensus is actually true. We offer a method to elicit shared opi-
nions from groups of respondents and intend to treat those as culturally
held opinions, not as natural or objective facts. Such socially constructed
consensus knowledge is an interesting topic of research in its own right,
as it is manifestly present in society, in a form that is relatively consis-
tent, persistent, and measurable. Although traditional methods, such as
item response theory (IRT)-based models (De Boeck and Wilson 2004)
can reveal the lack of knowledge, CCT is apt for investigating the poten-
tial existence of ‘‘counter-knowledge’ or ‘‘biased knowledge.”” For
example, CCT models have been applied to medical knowledge and
beliefs (e.g., see Weller et al. 2012 or, for a summary, Weller 2007) to
investigate how the recovered answer key departs from scientific medi-
cal knowledge.

1.2. Uncertainty in Decision Making: ‘‘Don’t Know” Answers

In this article, we focus on survey items with dichotomous response
alternatives (i.e., true or false). Because people are not always willing
to commit to responding either “‘true’” or ‘‘false,”” surveys often permit
a ““don’t know”” (DK) response to accommodate this possibility. In that
case, responding ‘“‘don’t know’’ indicates a legitimate state of a respon-
dent’s knowledge. Providing a DK option has been widely discussed.
One stream of research on DK responses concerns whether there are
sociodemographic or cultural differences in the tendency to respond
“don’t know”” or to offer no opinion (Francis and Busch 1975; Bauer
1996; Krosnick et al. 2002). Another stream considers the consequences
of including DK responses: on one hand, whether the elimination of DK
responses reduces the effects of differences in guessing biases (Mondak
and Davis 2001; Mondak and Canache 2004) and gives a more valid
representation of knowledge or, on the other hand, whether the inclu-
sion of DK responses allows one to distinguish uninformed from misin-
formed responses (Sturgis, Allum, and Smith 2008) and reduces
measurement error introduced by random guessing (Courtenay and
Weidemann 1985; Luskin and Bullock 2011). The source of DK
answers can be attributed to characteristics of the questions (e.g., the
question is ambiguous or illogical, the question wording is unconven-
tional) and characteristics of the respondents (e.g., motivation to answer
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correctly, socioeconomic status). Therefore, it has been pointed out by
several researchers (Clogg 1982, 1984; Mondak and Canache 2004) that
DK responses should not be simply considered as incorrect responses,
as being incorrect translates to false knowledge rather than to uncer-
tainty in knowledge. It has also been shown that DK responses should
not be coded as missing data (no responses) either. Because DK
answers are not random, treating them as missing data leads to sample
selection bias (Feick 1989; Liao 1995). As an alternative, association
models (Clogg 1982, 1984), latent class models (Clogg 1984; Feick
1989), and correction through sample selection bias models (Liao 1995)
have been proposed.

We present here an extended version of the general CCT model to
account for uncertainty in decision making as measured by DK
responses. The most popular and widely used CCT model, called the
general Condorcet model (GCM; described later), is used to analyze
dichotomous responses (true or false) to questions pertaining to a spe-
cific domain of culturally shared knowledge. Several research studies
applying the GCM have resorted to augmenting DK responses in ad hoc
ways, for example, by coin flipping, as shown in the summary of the
problem in Weller (2007). Although CCT research in ethnographic
applications generally finds a small number of DK responses, social sur-
veys can have fairly large numbers of DK responses, which means that
such unprincipled reassignment of DK responses would be question-
able. Moreover, from a cognitive and consensus modeling perspective,
it is important to distinguish between an uninformed response (‘‘don’t
know”’) and a misinformed response (an ‘‘incorrect’ answer), because
these are permissible knowledge states. As an alternative to data aug-
mentation, an extended Condorcet model (ECM) can be specified to
allow for DK responses, which can then be directly modeled. With the
ECM, we can take into account the possibility that when respondents
do not know the answer, some are more prone to guessing, whereas oth-
ers would rather choose the DK option. Moreover, guessing bias is also
assumed, which may skew the average response toward agreement or
rejection, meaning that guessing in the absence of relevant knowledge
is not a fully random process.

Being able to distinguish between uninformed and misinformed
responses is important both for appropriately representing knowledge
states and for studying knowledge gaps in a society. When responses
are scored only as correct or incorrect (with DK responses treated as
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incorrect), respondents who are more willing to guess can score higher
just by chance. For example, it has been shown that women and men
differ in their willingness to guess, and a method that scores answers
only as correct or incorrect mistakes the difference in performance
scores between genders as difference in knowledge level (Mondak and
Canache 2004; Lizotte and Sidman 2009). As will be shown, in the pro-
posed cognitive model-based framework, when a DK response is
included, it is possible to separate differences in knowledge from differ-
ences related to response style.

1.3. CCT-based Modeling Approach

We propose the hierarchical ECM (HECM) as a formal approach to
model socially constructed knowledge as represented in social surveys.
In this framework, we treat person- and item-specific parameters as ran-
dom effects (De Boeck and Wilson 2004). The resulting hierarchical
model allows taking into account interindividual and interitem differ-
ences, while pooling information among subjects and items to decrease
uncertainty in the parameter estimates. This framework also offers a
straightforward way to enter explanatory variables (e.g., gender, age) in
the model. To summarize, several novel findings can be achieved by
analyzing survey data with the HECM: (1) Consensus knowledge on
survey items can be estimated; (2) DK responses can be accounted for
by a person-specific response-style parameter; (3) differences in gues-
sing bias can be separated from differences in knowledge level; (4) the
general population can be described in terms of HECM parameters such
as knowledge level, guessing bias, and willingness to guess; and (5)
individual differences in these HECM parameters can be quantified and
possibly explained by explanatory variables, including, for example,
sociodemographic variables that have long been a focus in research on
knowledge gaps. Also, we note that statistical inference and parameter
estimation for the HECM are carried out in the Bayesian framework
(Gelman et al. 2004; Gill 2007; Kruschke 2011). Parameters in the
Bayesian framework have probability distributions, which offers an
intuitively appealing way of investigating uncertainty in the estimates.
As a demonstration of our approach, in this article the HECM is
applied to two knowledge domains: (1) science knowledge and (2)
knowledge on aging. Knowledge survey items are often included in
large-scale surveys such as the General Social Survey (GSS). Science
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knowledge has been included in numerous surveys over the past several
decades. Most prominent among these is the National Science Board’s
“Science and Engineering Indicators” (National Science Board 1996,
2006, 2008, 2010, 2012; Miller 1998, 2004, 2011), which includes a
standard set of questions about knowledge of scientific concepts and
phenomena and is administered as part of the GSS.

With respect to knowledge about aging, a standard questionnaire
developed for this purpose is Palmore’s Facts on Aging Quiz (FAQ;
Palmore 1998). The FAQ analyzed in this article was also part of a
larger survey called the 1994 Images of Aging in America (IAA;
American Association of Retired Persons 1994). By investigating
knowledge on the aging process, potential misconceptions and favorable
or unfavorable biases toward the elderly can be explored. However,
these application areas are just two illustrations, and other problems
investigated by survey research, such as different knowledge domains
(e.g., politics, history, popular culture), attitudes, or values, can also be
examined by CCT models.

The rest of this article is organized as follows. We first describe the
properties of the GCM. Next, this model is extended to be able to incor-
porate a DK response alternative. The resulting model, the ECM, is for-
mulated as a hierarchical model by assuming that its parameters come
from joint population distributions. It is followed by the specifications
of statistical inference on the HECM in the Bayesian framework. In the
next sections, the model is applied to social survey data from 2010 GSS
and 1994 TAA-FAQ. This is followed by posterior predictive model
checking and robustness testing. Finally, we summarize the findings
and conclude with a discussion of model interpretation and possible
extensions.

2. THE GCM

We begin with a short summary of the specifications of the GCM
(Romney et al. 1986; Batchelder and Romney 1988), which is a model
for dichotomous (true or false) items. A detailed description of the
GCM’s axioms and properties can be found in Batchelder and Anders
(2012). The GCM enables researchers to estimate a consensus answer
key from the response pattern of informants who share some knowledge
or belief system, while taking into account these respondents’ abilities
and guessing bias tendencies.
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Item k&

Zj = True Zj. = False

/ \ D; % \1\ D;
Yir = True Yir = False
1—g; 1—gi
Y:

Yir = True Y;i) = False ik = True Y = False

Figure 1. Processing tree of the general Condorcet model for an item k.

The GCM relies on a formal model called the two high-threshold
model from signal detection theory (e.g., Macmillan and Creelman
2005). Figure 1 depicts the assumed processing tree of a respondent’s
decision process. The answer from a single respondent i (i = 1,...,N),
foritem k (k = 1, ..., M) is denoted as Y.

The N XM data set Y is assumed to have only dichotomous entries:

Y, = 1 if i responds “True” to item &
ik 0 if i responds “False” to item k °

The latent consensus answer parameter for item k, denoted as Z, is
either “‘true” or “‘false”” (coded 1 and 0, respectively). It is assumed that
there is only one underlying culture behind the data; therefore all
respondents share the same answer key Z (see a model check for this
assumption later). Respondent i either knows the response for the ques-
tion with probability D; or does not know the answer, with probability
1 — D;. In the latter case, the respondent guesses ‘‘true’” with probability
g; or “‘false” with probability 1 — g;. The model has 2XN respondent-
specific parameters (probability of knowing the answer, D = [D;], x>
and guessing bias, G = [G}],.y) and M item-specific parameters (the
latent answer key, Z = [Z],y),)-
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The likelihood function for the GCM can be derived by going down
the branches of the processing tree and adding up the probabilities and
by using the conditional-independence property of the GCM (e.g.,
Batchelder and Romney 1988):

N M
LZD.GlY =Yi)= T] II [Di+(1 D) " [(1 — Dygi] "7
i=lk=1
X[(1 = D)(1 —g)] "D+ (1= Dy)(1 — )]

On the basis of the properties introduced above, it was shown in
Batchelder and Anders (2012) that the correlation between two respon-
dents over items equals the product of each respondent’s correlation
with the answer key, formally for V1 <i# [ < N:

p(Yik, Yix) = p(Yix, Zt)p(Yix, Zi) s (1)

where K i1s a random variable that selects a random item index, so that
Vk,Pr(K = k)=1/M.

Equation (1) leads to a consequence that for all distinct respondents
denoted as i,/,m, n

p(Yik, YiK)p(Yu, Yox) = p(Yig, Yo )p(Yink, Yig),

which is a form of Spearman’s law of tetrads (Spearman 1904).
Spearman’s application was to correlations between different tests of
intelligence, and he interpreted the tetrads law as indicating that intelli-
gence is measured by a single factor. In our case, the tetrad law occurs
because there is a single answer key Z; behind the respondent-by-
respondent correlations over the items.

Originally, statistical inference for the GCM was carried out in the
classical inferential framework, as discussed in Batchelder and Romney
(1988). Later, Karabatsos and Batchelder (2003) derived inferences for
different versions of the GCM (including one with item difficulty, as
shown later) in the Bayesian framework. Recently, Oravecz,
Vandekerckhove, and Batchelder (forthcoming) developed user-friendly
graphical user interface—based software that can estimate GCMs in the
Bayesian framework. An extension to the GCM incorporating a contin-
uous latent answer key as well as hierarchical Bayesian inference (see
later) can be found in Batchelder and Anders (2012).
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3. THE ECM

In this section, we extend the GCM to DK responses, this way arriving
at the ECM. In the ECM, DK answers are recognized as uncertainty in
knowledge.

Consider a simple questionnaire created to collect information on the
cultural consensus on a certain topic. The answer from a single respon-
dent i i=1,....N) to item k(k=1,..,M) is denoted as Yjy. As
described above, some respondents might feel unsure about their knowl-
edge on particular items. Therefore on the data level, we allow “‘true,”
“false,” and ““don’t know’” answers. Formally, the data are represented as

1 if i responds “True” to item &
Yir = < 2 if i responds “False” to item &
3 if i responds “Don’'t” know to item k.

Similar to the GCM, in the ECM, it is assumed that each item % has
an underlying culturally shared answer Z;, indicating whether the con-
sensus answer to each item is “‘true’” or “‘false’” (coded 1 and 0, respec-
tively) according to the cultural consensus within the population.

Figure 2 summarizes the decision tree of respondent 7 for item & on
the basis of the proposed extended cognitive model. The underlying
decision process is as follows: Respondent i either knows the consensus
answer for item & with probability D;; or does not (1 — Dy;). In the lat-
ter case, the respondent can still decide to guess the correct answer with
probability b; (willingness to guess parameter). If the respondent is not
willing to take a guess, it is assumed that he or she marks the ‘‘don’t
know”” option, with probability 1 — b;. In case of guessing, the prob-
ability of guessing “‘true’’ is g; (the guessing bias parameter).

For example, in the study of folk medical beliefs (e.g., see Weller
et al. 1993), it is clear that sometimes respondents answer from a shared
consensus at variance with scientific medical knowledge. Knowing the
scientifically wrong answer is different from failing to respond with the
scientifically correct answer. The latter but not the former can result
from guessing or the selection of a DK option.

The probability for each type of answer can be derived by simply
going down the branches of the corresponding answers in Figure 2.
Formally, the probabilities of the answer categories on the basis of the
unsimplified forms derived from the processing tree (see simplified
forms later in equation 17) are written as

Downloaded from smx.sagepub.com by guest on September 10, 2014


http://smx.sagepub.com/

Extended Condorcet Model 195

Item &

Zy, = True Zy, = False

Di l_Di D,- 1—D,‘

Yir = True Y, = False
bi i bi 1- bi
Yir = DK Y;rx = DK
9i 1—gi 9 1-g
Yir = True Y = False Yir = True Yir = False

Figure 2. Processing tree of the extended Condorcet model.
Note: DK = don’t know.
pYy = “True” = 1) = Zx[Dy + (1 — Dy)bigi
+(1 = Zy)[(1 — Du)bigil, (2)
p(Yiye = “False” = 2) = Z[(1 — Di)bi(1 — )]
+ (1 — Zk)[Dik + (1 — Dik)bi(l — g,')], (3)
and
p(Yy = “Don't know” = 3) = Z[(1 — Dy)(1 — by)]
+(1 = Zp[(1 — Du)(1 — by)]. (4)

The data (Yj;) are then assumed to come from a categorical distribu-
tion (denoted as Cat) with a 3X1 probability vector p,, with elements
corresponding to the three answer categories:

Yi~Cat(py),

where the probability vector is p;, = [p(Yir = 1) p(Yir = 2) p(Yir = 3)],
with elements defined in equations (2), (3), and (4).

So far, it has been assumed that all questionnaire items have the same
difficulty level. However, Batchelder and Romney (1988) introduced
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the idea of item heterogeneity in the GCM. Statistical inference for the
GCM with item heterogeneity was derived later by Karabatsos and
Batchelder (2003). We also believe that in the case of the ECM, the pos-
sibility of item heterogeneity should generally be incorporated in the
model. The formulation of heterogeneous item difficulty for the ECM
departs somewhat from the original proposal by Batchelder and Romney
(1988), and it follows the general Rasch model as used in psychometric
test theory (or IRT, as in De Boeck and Wilson 2004; Gelman and Hill
2007). In this model, the probability of knowing the correct answer for
an item (Dy) is simply a function of the respondent’s ability and the
item’s difficulty level in the following way:

Dy = logit™"(6; — 8), (5)

where 6; is the ability parameter belonging to respondent i, and oy
denotes the item difficulty level of question k, where 6;,8; € R.
Because Dj; is a probability parameter, the difference between para-
meters 0; and 9y is transformed back to the unit scale by the inverse-
logit function. If their difference is 0, D;; equals 0.5. If the respondent’s
ability 6; is greater than the item’s difficulty &;, then the respondent has
a better-than-even probability of knowing the consensus answer to that
item; that is, D;;>0.5. As can be seen from equation (5), adding the
same constant to both parameters would still result in the same Dj;.
Therefore, to identify the model, some constraints must be introduced.
In a nonhierarchical model, one of the item difficulty parameters () is
typically fixed to a chosen value. In a hierarchical model (discussed in
the next section), most often it is the population mean of these para-
meters that is fixed.

Although the ECM uses the same decomposition for the probability
of knowing the correct answer as IRT models, these two approaches
have three different goals and assumptions:

1. IRT assumes that the researcher has an a priori answer key for the ques-
tions and then scores item difficulty and subject ability accordingly. In
contrast, CCT works with response data, not scored performance data.
When applying the ECM, the cultural consensus answers are estimated
on the basis of patterns of respondents’ answers. Therefore, CCT and
IRT have fundamentally different goals: IRT is more apt to measure

Downloaded from smx.sagepub.com by guest on September 10, 2014


http://smx.sagepub.com/

Extended Condorcet Model 197

ignorance in knowledge areas, whereas CCT is able to detect ‘‘counter-
knowledge,”” a consensus-based rejection of certain ideas.

2.  The proposed ECM accounts for DK responses by a latent cognitive
model for the decision-making process, whereas if we were to fit an
IRT model, we would have to code the DK responses as incorrect
answers (or maybe as missing data).

3. With the ECM, we can study differences in cognitive response style in
terms of willingness to guess and guessing bias, and they can be tied to
covariates, such as socioeconomic status. In short, the ECM does not
simply work on the performance scale, as IRT does, but it models the
underlying latent knowledge while taking into account person-specific
guessing tendencies and willingness to guess in the decision process.

To summarize, the ECM introduced above has 3XN informant-
specific parameters, namely, the ability parameters (0 = [0;],,), the
willingness-to-guess parameters (B = [b;],,,), and the guessing bias
parameters (G' = [Gi,y)- Also, it has 2XM item-specific parameters:
the answer key for each item (Z = [Z;],y,,) and the item-difficulty
parameter for each item (6 = [8¢,,,). The likelihood function can be
written as

N M
L(Za 0a GaBaB‘Y = },lk) = H H (bigi+Dika - Dikbl'gl')l)':l (6)
i=lk=1 5

X[Dy — DuZy +bi(Di. — 1)(gi — 1) =2 [(Di — 1)(b; — 1]V~

where I stands for the indicator function that takes the logical value 1 if
its subscript is true (and 0 otherwise). Equation (6) is based on simpli-
fied forms of equations (2), (3), and (4) that described the probabilities
for the answer categories, where Dj; is as defined in equation (5). In the
next section, population distributions are assigned for each of the
parameters.

4. THE HECM

The hierarchical framework allows drawing inferences on the hierarchi-
cal (group) level while individual differences are taken into account in
a statistically coherent and logical framework (Snijders and Bosker
1999; Raudenbush and Bryk 2002; Gelman and Hill 2007). The hier-
archical structure on the model parameters assumes that the parameters
of the same type share a certain commonality expressed by their
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superordinate distributions. When performing CCT analysis hierarchi-
cally, we take advantage of the information across respondents and
items, which enhances the recovery of the person- and item-level para-
meters. In the paragraphs that follow, some reasonable superordinate
distributions are chosen for each person- and item-specific parameter.

The person-specific ability (0;) and the item-specific item difficulty
(81) parameters are defined on the real line, which means that indepen-
dent normal (or Gaussian, denoted with N) distributions can be assigned
as their population distribution:

0;~N (i, 75) (7
6kwl\/(oa O'é), (8)

where 0'% and 0% represent the variations in these populations, while p,
represents the average ability in the population. For model identifiabil-
ity, the population mean of the item difficulties is fixed to 0, as shown
in equation (8)." An advantage of identifying the model this way as
opposed to fixing one &; (or 0;) to 0 is that all item-specific difficulties
(or abilities) are recovered.

In addition to allowing a DK response and accounting for different
item difficulties, it is desirable to incorporate explanatory variables
(covariates) about the respondents in the model as well. For this pur-
pose, the population mean of the ability parameters can be decomposed
into covariate scores and corresponding regression coefficients. More
specifically, the covariate information for respondent i on covariate
Jj(j=1,...,J)is denoted as x;;, while regression coefficients are gener-
ally denoted with (s with different subscripts. The general guideline to
covariate modeling in the HECM is to standardize all covariate scores.

For example, in section 6, ““Applying the HECM to Survey Data,”
we use years of education, gender, age, and religiousness as covariates.
Hence, instead of directly modeling a population mean, the mean of
equation (7), py can be replaced by g :

o = Boo T Bo, genderXi, gender T Bo, ageXi,age + Bo,eauXi,edu + Bo, retXirel - (9)

Parameter gy here represents the person-specific ability. As men-
tioned above, because covariate scores x are standardized, the intercept
Bgo represents the common tendency in the population and can be inter-
preted as population mean. The rest of equation (9) displays the
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combination of person-specific covariate scores and regression coeffi-
cients, which is the so-called random-effect part of the model (see more
on generalized linear models in De Boeck and Wilson 2004). This part
allows the explanation of interindividual variation in the person-specific
ability estimates (jug;).

To arrive at a more general formulation, all regression coefficients
(including an intercept) for the ability parameter 6 can be collected in a
vector, B,. Consequently, w,; can be written as a dot product of the pre-
dictors and regression coefficients:

Poi = X,‘TBe . (10)

In the event that there is no covariate information available, 8, in
equation (10) reduces to the intercept (3¢,, which means that B4, = g
(for all 7).

The other two person-specific parameters (the guessing bias g; and
the willingness to guess b;) are defined on the interval [0,1], which
means that we first apply a logit transformation on these variables to
put them on the real line, and then we follow the same hierarchical cov-
ariate modeling principle for logit(g;) and logit(b;) as for 8; above:

logit(g)~N(x] By, o), (11)
logit(b)~N(x! B, o}). (12)

If the guessing bias and willingness to guess are not made a function
of predictors, the population means in equations (11) and (12) reduce to
the intercepts B4y = ., and B,y = p,, for all i. The population variance
parameters (ré and o7 provide information about the level of interindivi-
dual variation in terms of guessing bias and willingness to guess,
respectively.

The final addition to the ECM model concerns the answer key.
Typically, it is assumed that the answer key items are generated hier-
archically by a Bernoulli process with a specific hyperprior. The major-
ity of GCMs (e.g., see Batchelder and Romney 1988; Karabatsos and
Batchelder 2003) fix the probability parameter of this Bernoulli process
to 0.5, this way designating a priori equal chances for every latent
answer key parameter to be either ““true”” or ‘‘false.”” This constraint
could be relaxed, as in some questionnaires, it might be difficult to bal-
ance ‘“‘true’’ and ‘‘false’” items because the answer key is unknown a
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priori. Formally, the answer key items are assumed to come from a
Bernoulli (denoted as ““Bern’’) distribution:

Zi~Bern(), (13)

where 7 is the probability of an answer key item being ““‘true.” With
this extension, the uncertainty related to the true proportions of ‘‘true’
and “‘false’” answer key items is directly taken into account when esti-
mating model parameters.

To summarize, the HECM extends the GCM with an extra parameter
to take into account willingness to guess, and it also augments it hier-
archically to be able to pool information across respondents and items.
The next section describes statistical inference for the HECM in the
Bayesian framework.

5. BAYESIAN STATISTICAL INFERENCE IN THE HECM

In this section, statistical inference for the model is derived in the
Bayesian statistical framework (Gelman et al. 2004; Gill 2007,
Kruschke 2011). Although Bayesian methods offer a coherent and prin-
cipled way of deriving statistical inference, the complexity of the
HECM also motivates the choice of this framework. Parameter estima-
tion in the maximum likelihood framework would involve a high-
dimensional integration over the several random-effect distributions
with no closed-form solutions. An advantage of Bayesian statistical
inference is that it focuses on the posterior density of the parameters,
which can be explored by sampling techniques. In general, the posterior
density represents the probability distribution of the parameters given
the data, and it can be written as

(Y| V)=p(Y|y)p(y),

where y denotes the vector of all model parameters, and ¥ represents
the data. The posterior density is proportional to the product of the like-
lihood of the data given the parameters and the prior distribution of the
parameters. The latter represents our prior knowledge about the model
parameters. In most studies, noninformative distributions are chosen as
priors because we rarely have information on the model parameters
beforehand. The more data acquired, the more influential the likelihood
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function becomes on the posterior, therefore in turn dominating the
prior.

When estimating the parameters for the HECM, we explore the
marginal conditional posterior distributions of the parameters by tak-
ing advantage of Markov chain Monte Carlo methods. This collection
of sampling techniques generates samples from these posteriors. For
sampling we rely on JAGS, freely available computer software
(Plummer 2003). Once the samples meet criteria for convergence and
for sufficiently large effective sample size, we can calculate point
estimates, posterior standard deviations, posterior credible intervals,
and so on.

In the Bayesian hierarchical model described above, the prior infor-
mation on the person- and item-specific parameters (0;, g;, b;, 8, and
Zy) is contained within their (hyperparametrized) population distribu-
tions, as defined in equations (7), (8), (11), (12), and (13). These popu-
lation distributions have free parameters, namely, the population mean
or regression coefficients and variance, which are estimated from the
data through their conditional posterior distributions. As an example,
the conditional posterior distribution for the variance of the respondent-
specific ability parameters can be written as

P((’g 01y, o) 2p(O)y, g |0<2))P(0<2)) )

where the posterior probability of 05 depends on the person-specific
abilities that are conditional on the data (6)y) and on the population
mean (p,), while p(o3) denotes the prior on that population variance
parameter.

In general, we assign diffuse prior distributions for these population
parameters—more specifically, a flat normal distribution on the regres-
sion parameters (collected in a vector ) and uniform distribution
(denoted as U) on the population standard deviation parameters:

By~N;+1(0,101,+1) (14)
o,~U(0.01,4), (15)

where f* can be replaced by any of the /' = 3 model parameters: 0, g,
and b; h can be replaced with any of the H = 4 model parameters: 0, g,
b, and d; and I stands for the identity matrix. Although the prior on the
standard deviation (o) can be considered mildly informative, its range
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is in correspondence with its role, namely, that it expresses residual var-
iation in the regression equation with standardized scores. Also, in prior
sensitivity analysis, we found no remarkable difference when more dif-
fuse reference priors were implemented.

As a prior on the Bernoulli probability for the answer key Z;, a uni-
form prior distribution is assigned:

m~U(0,1). (16)

Now the conditional posterior density of all model parameters
given the data is derived. For notational convenience, all person-
specific parameters are collected into corresponding vectors (i.e., 6,
B and G). Item difficulties and answer key items are represented as
vectors as well (i.e., & and Z). Then the conditional posterior density
can be written as

N M
P(0,By,05,B,B,,05, G, By, 04,8,03,Z, 7Y )= .1__[1 kUI Ca(¥|0,B,G.6,2)

N N N
X T1 N®1By,o3) T1 Nelogit(z)|B,. 03) TT Nlogit(h) 1By, o)

M M
X TT N(3]0,03) TT Bern(Zi|m)
k=1 k=1

F H
X [ Ns+1Bs10.10L41) [ U(4]0.01,4)U(w|0, 1), (17)
f=1 h=1

where the first expression after the proportionality sign is the likelihood,
described in detail in equation (6). It is followed by the products of the
population densities of the person-specific parameters as specified in
equations (7), (11), and (12). The next line describes the population den-
sities of the item-specific parameters given their population mean and
variance parameters, as in equations (8) and (13). Finally, the last line
multiplies all the above by the prior densities, as chosen in equations
(14), (15), and (16).

As mentioned above, we rely on the computer software JAGS to
draw samples of the conditional posterior distribution. MATLAB was
used for calling JAGS and interpreting its output. Program scripts are
available as online supplements at the Web site of Sociological
Methodology. In the next section, the merits of the HECM are demon-
strated by fitting it to 2010 GSS and 1994 IAA-FAQ data.
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6. APPLYING THE HECM TO SURVEY DATA

In the next subsections, the HECM is applied to two knowledge areas:
scientific knowledge and knowledge on aging. In both cases, we use
standard sets of questions that have been widely studied. Obviously
these are not the only topical areas that are suitable for CCT, and we
return to possible extensions in the Discussion.

6.1. The 2010 GSS Science Questions

Within a survey context, standard batteries of science knowledge ques-
tions have been developed and refined for many decades (Miller 1998;
Bann and Schwerin 2004). Although there is some variation in the exact
questions included in particular surveys, most of the questions are true-
or-false questions of scientific concepts that offer DK options. The 2010
GSS (in collaboration with the National Science Foundation) featured in
this application section uses a set of 12 questions, 11 of which are true-
or-false format with DK options provided. Appendix A lists the GSS
questions. In addition, there are several other variables that can be used
as predictors, five of which were chosen for covariate analysis for the
current application: education (in terms of highest grade), gender (1 =
female, 2 = male), age, religiousness (1 = very religious, 4 = not reli-
gious), and whether respondents have had religious experiences that
changed their lives (1 = yes, 2 = no).

Although the ECM can be applied to knowledge areas without a pre-
defined answer key, science knowledge provides an interesting applica-
tion area for CCT because the scientifically correct answers are known
a priori (Allum et al. 2008; Durant, Evans, and Thomas 1989; Miller
1998, 2004; National Science Board 2012; Pardo and Calvo 2004).
With CCT analysis, a cultural consensus answer key based on patterns
of respondents’ answers is derived and compared with the scientifically
correct answers. Generally speaking, no particular objective truth value
is attached to the derived consensus answers, save that it is a property
of the group of respondents. It is important to distinguish between
experts’ knowledge (e.g., what scientists agree about various phenom-
ena) and the possibility that some respondents share nonscientific con-
sensus, keeping in mind that from the perspective of cultural consensus,
“knowledge” refers to the shared understandings among members of
some population with respect to a particular domain. Previous research

Downloaded from smx.sagepub.com by guest on September 10, 2014


http://smx.sagepub.com/

204 Oravecz et al.

has indicated that adults in the United States and elsewhere exhibit rela-
tively modest amounts of knowledge when asked about scientific con-
cepts. On possible bases for low scientific literacy, see Miller (2010a,
2010b, 2011). For example, the 2010 National Science Foundation
study found that adults in the United States correctly answered 63 per-
cent of 12 science knowledge questions (National Science Board 2012).
Although these simple aggregation-based summary measures are
designed primarily to measure scientific ignorance, CCT is able to
detect counter-knowledge: a consensus-based rejection of certain scien-
tific ideas. Detecting counter-knowledge is important because it can
lead to recommendations in policy making, among other things.

Science knowledge can differ among members of different subcul-
tures or social groups. Prior research on science literacy has found
higher levels of knowledge among better educated people and those
who have taken more college science courses (Miller 2004; National
Science Board 2012) and among younger people (Miller 2004; National
Science Board 2012). Often there is a detectable gender gap in knowl-
edge; namely, women are found to be less knowledgeable (Hayes and
Tariq 2000; Miller 2004), though much of the gap can be explained by
gender differences in the willingness to guess (Mondak and Canache
2004). There is also evidence that people who hold a literal interpreta-
tion of the Bible are less knowledgeable (Miller, Scott, and Okamoto
20006; Zigerell 2012). These results informed our selection of covariates
for the HECM.

The HECM can contribute to the investigation of science knowledge
because many of the issues raised in the study of science knowledge are
directly related to aspects of CCT and to the parameters of the hierarchi-
cally extended model: item difficulty (Miller 1998; Bann and Schwerin
2004; National Science Board, 2012), acquiescence bias (Pardo and
Calvo 2004), the effects of guessing (Miller 1998; Mondak and Canache
2004), the use of DK responses (Bauer 1996; Mondak and Canache
2004; Sturgis et al. 2008), factors that are associated with variation in
levels of knowledge, and the possibility that there is cultural variability
in understandings of science (Miller 2010a, 2010b; Pardo and Calvo
2004).

The 2010 GSS included M = 12 items on scientific knowledge. The
data have 927 respondents who answered these items. Eleven respon-
dents were removed because they had missing explanatory variables;
hence, the final sample size is N = 916. Table 1 shows summary
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statistics on the items. The first column denotes the items by keywords.
The next column shows how many people answered ‘‘true,”” ‘“false,”” or
“don’t know’’ to these questions. As can be seen, for some items there
are a large number of DK responses. It is important to note that the HECM
works with the complete N XM data of trichotomous responses, not only
with the marginals, as displayed in the second column of Table 1.

Column 3 displays the correct answers to these questions, as estab-
lished by scientific experts. There are two ways to construct simple tal-
lies of correct and incorrect responses. On the basis of the ‘‘scientific
answers,”” the DK responses are often interpreted as incorrect answers
in assessment, and they are counted toward the incorrect response alter-
native. Column 4 in Table 1 displays the ‘‘scored answers,”” which are
the majority responses with DK responses scored toward the incorrect
alternative. Alternatively, we can calculate ‘‘majority answers” by
interpreting DK responses as missing data and checking which answer
(““true” or ‘““false’’) was provided by more respondents, as shown in
column 5. This approach is rather questionable because more than 17
percent of the responses were DK responses. As can be seen, there are
five items for which coding the DK responses as incorrect responses
would result in “‘scored answers”’ that are different from the ‘‘majority
answer’’ as well as from the “‘scientific answer.”” By resorting to simple
summary statistics, we neglect to take into account interindividual dif-
ferences in cultural knowledge. This is because when these answer keys
are established, all respondents count equally toward the final decision
of whether an item is regarded ‘‘true’’ or ‘‘false” in the population, and
interindividual differences in response style (e.g., in the willingness to
guess) are also disregarded. In contrast, the HECM explicitly models
the decision process by individual-specific parameters when deriving
the consensus answer key.

6.2. Results on the 2010 GSS Data with the HECM

The HECM was fit to the data described above.” The estimated consen-
sus answer key is shown in column 6 in Table 1. This answer key is
based on the posterior median estimates calculated from the Bernoulli
conditional posterior distribution for each item. The median estimates
are either 1 or 0, and these values are labeled as ‘“‘true’” or ‘‘false” in
column 6. The posterior median was equal to the posterior mean for
every answer key estimate up to two decimal points. In the Bernoulli
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distribution, the mean is equal to the median only if all values are the
same and close to it only if there is low variability in the sample chain,
indicating 0 posterior standard deviation. Therefore this result indicates
a high degree of certainty in the estimates.

As can be seen in columns 3 and 6 in Table 1, the consensus
answers are identical to the expert answers. We would like to empha-
size that in the HECM, the DK answers are treated as legitimate
responses rather than disregarded as missing data or treated as incor-
rect responses. In our analysis, the DK responses were taken into
account as part of the cognitive decision process. The positive mes-
sage of the results is that on the basis of the presented cognitive
model, the population shows similar consensus answers on the scien-
tific items as the expert answers. We emphasize the fact that the
HECM answer key was estimated solely from the data while assum-
ing noninformative prior distributions on the model parameters, and
the established expert answer key was not entered in any way into the
estimation routine.

The population can be described in terms of the estimates of the pos-
terior mean and variance of the HECM parameters, as shown in Table 2.
By checking the population variance (o = 1.69) of the ability para-
meter, we can conclude that there is substantial interindividual variation
in ability. The average ability is —0.61. As described earlier in equation
(5), the ability together with the item difficulty determine how likely it
is that a person knows the correct answer to an item (Dj; see Figure 3
for the function of this parameter in the decision process). As the mean
of the item difficulty is fixed to 0, if we input the average ability into
equation (5), it can be seen that on average the probability that a respon-
dent knows the correct answer is 0.35. The average ability can also be
interpreted in connection with each item’s difficulty estimate (d, in the
last column of Table 1) to investigate which items are most likely to be
known by a respondent with average ability. Generally speaking, the
population level results suggest that items with difficulty less than —0.61
result in a higher than chance probability of being known (D;;>0.5) by
an average respondent. As can be seen from Table 1, there are four items
like that.

The next four rows of Table 2 describe the respondents in terms of
cognitive decision process variables that are independent of their abil-
ities. From the population mean of willingness to guess, we see that
respondents on average are rather willing to guess; however, there is
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Table 2. Population Level Results Based on the HECM (2010 GSS Data)

CI Percentiles

Model Parameter Posterior
Parameter Description Mean 2.5% 97.5%
o Population mean—ability —0.61 —1.57 0.36
o} Population variance—ability 1.69 1.31 2.14
W Population mean— 1.12 1.01 1.24

willingness to guess
(logit scale)
o7 Population variance— 1.51 1.22 1.85
willingness to
guess (logit scale)
Mg Population mean— —0.05 —0.17 0.08
guessing bias
(logit scale)
o2 Population variance— 0.55 0.37 0.77
guessing bias
(logit scale)

o3 Population variance— 2.89 1.13 6.96
item difficulty
m Answer key 0.64 0.39 0.86

“true”” probability

Note: CI = credible interval; GSS = General Social Survey; HECM = hierarchical extended
Condorcet model.

some interindividual variation here as well, represented by the popula-
tion variance parameter for willingness to guess. The guessing bias
appears to be fairly neutral on average, meaning that respondents in
general do not prefer to answer ‘‘true’ rather than ‘‘false”” (or vice
versa) when they do not know the correct answer.

The last two rows of Table 2 concern the 12 science knowledge items.
To begin with, these items show a rather large variation in their item
difficulty levels. From Table 1, it turns out that the most difficult
question is ‘‘The universe began with a huge explosion,”” and the
easiest is ““The center of the Earth is very hot.”” The findings on the
item difficulty are in line with previous results of fitting IRT models
to earlier years of the GSS science items (Miller 1998, 2004; Bann
and Schwerin 2004). Finally, the last line of Table 2 shows that it is
more likely that a latent answer key item is ‘““True’ rather than
“false’” (7 = 0.64) for this set of questions.

With respect to the explanatory variables, we included the respon-
dents’ gender, age, years of education, religiousness (self-assessed), and
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Figure 3. Eigenvalue ratio of the posterior predictive distribution and the
2010 General Social Survey data.

whether they have ever had a religious life-changing experience. This
covariate set was chosen because these variables have been widely dis-
cussed in connection with scientific knowledge (see previous discus-
sion).” Religiousness has been related to science knowledge through
specific items, namely, questions about humans developing from ani-
mals and the universe starting with an explosion (National Science
Board 2006, 2008). However, the religiousness predictor is included in
our model to measure more general tendencies.

Table 3 displays the results. In the Bayesian sense, a predictor has a
credibly nonzero regression coefficient (the word ‘‘significant’ is not
used in the Bayesian context) if its 95 percent credible interval does not
contain 0. Results related to ability are generally consistent with prior
research (e.g., see Hayes and Tariq 2000; Miller 2004; Miller et al.
2006; National Science Board 2012): educated people had higher abil-
ity, religious people had lower ability, and the results showed a gender
gap in science knowledge. However, a previously observed age effect
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Table 3. Results on the Covariates Based on the HECM (2010 GSS Data)

CI Percentiles

Model Parameter Covariate Posterior Mean 2.5% 97.5%
Ability Education 1.16 .01  1.32
Gender —0.29 —0.41 -0.16
Age —0.05 —0.18  0.07
Religiousness (“‘very’’ 0.40 027 0.53
to ““not”’)
Religious experience 0.04 —0.10  0.17
changed life
Willingness to guess Education 0.02 —-0.09 0.14
Gender —0.24 —0.36 —0.13
Age —0.22 -0.33 —0.11
Religiousness (“‘very”’ —0.11 —0.24 0.01
to “‘not”)
Religious experience —0.18 —0.30 —0.07
changed life
Guessing bias Education —0.27 —0.37 -0.16
Gender 0.04 —0.05 0.14
Age —0.02 -0.11  0.07
Religiousness (“‘very’’ 0.13 0.03 0.24
to ““not’”)
Religious experience 0.08 —0.02  0.17

changed life

Note: CI = credible interval; GSS = General Social Survey; HECM = hierarchical extended
Condorcet model.

(namely, that younger people are generally more knowledgeable than
older people) was not found by the current analysis. With respect to the
other variables of the decision process, men and younger people tended
to guess more often when they were unsure. Also, the results showed
that respondents who had religious life-changing experiences were more
willing to guess. When it comes to guessing, educated and religious
respondents guessed ‘‘false’” more often.

The conclusion of this analysis is that CCT-based consensus knowl-
edge on the 12 science knowledge items corresponds to the expert
knowledge. Covariate analysis found a gender gap in science knowl-
edge even when response style tendencies were accounted for. That
suggests that although women respondents were indeed less willing to
guess, they also tended to exhibit lower levels of knowledge in the sci-
ence domain, even after a gender difference in guessing tendency was
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taken into account. When it comes to religious respondents, it appears
that they also had lower level of knowledge in terms of GSS questions,
and those with life-changing religious experiences were more likely to
guess.

6.3. Palmore’s FAQ

Our second empirical application uses Palmore’s FAQ (Palmore 1977,
1998), a test that was ‘‘designed to cover the basic physical, mental, and
social facts and the most common misperceptions about aging”’
(Palmore 1977). The quiz contains 25 factual statements about older
people, with “‘true,” ““false,”” and ‘“‘don’t know’’ response options (see
Appendix B). The version analyzed here was administered as part of the
IAA survey (American Association of Retired Persons 1994). This ver-
sion incorporates suggested revisions to the original FAQ; specifically,
it includes a DK option (American Association of Retired Persons
1994) and clarifies ambiguous terms (Miller and Dodder 1980). Studies
suggest that the DK option reduces guessing and provides a more accu-
rate measure of knowledge (Miller and Dodder 1980; Courtenay and
Weidemann 1985; Seufert and Carrozza 2002). Although all of the
questions in the FAQ are empirically substantiated (Palmore 1977), two
subsets of questions can be defined, which, if answered incorrectly,
indicate either positive or negative biases toward older people (Palmore
1977).4

The FAQ has been widely used in the decades since its introduction
(Palmore 1980, 1982, 1998, 2005), often in instructional settings (e.g.,
see Harris and Dollinger 2001; Stuart-Hamilton and Mahoney 2003). It
has also been subject to a number of evaluations concerning its reliabil-
ity and validity (Klemmack 1978; Palmore 1980; Norris, Tindale, and
Matthews 1987), its factor structure (Klemmack 1978; Norris et al.
1987; Palmore 1978), and how well the quiz serves as either an indica-
tor of knowledge or of attitudes toward older people (Courtenay and
Weidemann 1985; Holtzman and Beck 1979; Klemmack 1978; Stuart-
Hamilton and Mahoney 2003; Palmore 1978, 1982, 2005).

With respect to cultural consensus on knowledge on aging, we view
this as a potentially fruitful example because the FAQ highlights how
survey questions on a knowledge domain can combine factual knowl-
edge with socially constructed stereotypes and attitudes—in this case,
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the generally negative stereotypes of older people (Harris and Dollinger
2001; Palmore 2005).

The IAA (American Association of Retired Persons 1994) surveyed
1,200 respondents to identify some of the social and economic concerns
related to aging. In addition to Palmore’s FAQ, the survey included
many other variables, four of which are used in the following analysis
as covariate information: education (1 = grade school or less, 7 = post-
graduate), gender (1 = female, 2 = male), age, and frequency of contact
with older people (1 = daily, 7 = never). The current analysis used all
M = 25 items from Palmore’s questionnaire. The sample size is N =
1,167 (33 respondents were removed because they had missing explana-
tory variables). Table 4 shows summary statistics on the items. Column
1 denotes the items by keywords. Column 2 shows the responses
summed over response categories. Column 3 displays the correct
answers to these questions, as established by gerontologists (Palmore
1977). Column 4 displays these ‘‘scored answers’’ (calculated the same
way as in the 2010 GSS application) in terms of “‘true” or ‘“false’” for
every item. Column 5 shows the ‘‘majority answers’’ in terms of ‘“‘true”
or “‘false” while interpreting DK responses as missing data. As can be
seen, there are three items for which coding the DK respnoses as incor-
rect responses would result in “‘scored answers’’ that are different from
the ““‘majority answers.”’

6.4. Analyzing Data from Palmore’s FAQ

The HECM was fit to the data described above. Results on the items
are shown in Table 4. Posterior median estimates (labeled ‘‘true’” and
““false”’) are displayed in column 6. As in the previous application, the
answer key items estimates showed posterior standard deviations of
essentially 0, indicating a high degree of confidence in the answer key
estimates obtained from the model. These results are in correspondence
with passing the one-culture test (see later), which suggest that there is
consensus among the respondents on aging. Finally, column 7 shows
the item difficulty estimates on the basis of posterior means.

In this analysis, there are nine items for which the consensus answers
do not coincide with the expert answer key, namely, 7, 8, 12, 16 to 18,
20, 24, and 25. Of these nine questions, eight indicate negative age bias
and one suggests positive age bias (see again note 4). In fact, seven of
these nine question fall in this category: 7, 8, 16 to 18, 24, and 25, while
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question 12 actually suggests some positive bias toward the elderly.
Although this lack of correspondence with the expert answer key
appears to indicate a tendency for negative age bias, the difference in
the proportions of “‘incorrect’ answers to the negative bias and positive
bias question sets is not significant (p = .338, Fisher’s exact test).

In addition, there are three items (12, 18, and 21) for which
the HECM answer key deviates from the majority answer key. The
true/false/DK ratio in the raw data indicates moderate split among
the respondents for these three items. The combination of the split
and relatively high number of DK responses for these items leads to
high item-difficulty levels of 1.06, 2.36, and 1.55 respectively. High
item difficulties imply that many people do not know the correct
answer, allowing guessing to play a considerable part in their final
responses. Because in our framework, guessing and willingness to
guess are accounted for, the answer key estimates obtained from the
HECM are most likely dominated by the answers of the most knowl-
edgeable individuals, who for these items go against the majority’s
opinion.

Table 5 displays the population-level results. The overall consensus
knowledge level was higher in this application than in the previous one:
The population mean for knowing the consensus answer is —0.38, which
translates into about 0.41 in the unit probability scale. The interindivi-
dual variation in this ability is not very high, 0 = 0.44. The respondents
in general were quite willing to guess, with probability of guessing of
about 0.92, although there was large interindividual variation in this
(012, = 2.54). Also, the population mean of the guessing bias suggests a
general tendency to guess ‘‘true,”’” with some interindividual variation.
Finally, the last row of the table indicates that on average the items were
almost as likely to be “‘true’” as ““false.”

Table 6 summarizes results on the covariate modeling. As before, a
predictor is considered to have a credibly nonzero regression coefficient
if its 95 percent credible interval does not contain 0. Although ability
was related only to education, willingness to guess was influenced by
education, gender, and age as well: More educated, women, and older
respondents were less willing to guess. Finally, it was shown that con-
tact with elderly people and age made respondents more likely to guess
“true’” on the items. In contrast, educated respondents were connected
to guessing ‘‘false.”
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Table 5. Population Level Results Based on the HECM (1994 1AA-FAQ

Data)

Model Posterior M

Parameter  Parameter Description Mean 2.5%  97.5%

[T Population mean—ability —0.38 —0.91 0.15

o; Population variance—ability 0.44 0.34 0.55

Wy, Population mean—willingness 2.41 2.29 2.54
to guess (logit scale)

o7 Population variance—willingness 2.54 2.18 2.95
to guess (logit scale)

Mg Population mean—guessing 0.76 0.66 0.86
bias (logit scale)

(rz, Population variance—guessing 0.43 0.34 0.53
bias (logit scale)

o3 Population variance— 1.85 1.01 3.35
item difficulty

o Answer key—"‘true”’ 0.45 0.27 0.63

probability

Note: Cl = credible interval; FAQ = Facts on Aging Quiz; HECM = hierarchical extended
Condorcet model; IAA = Images of Aging in America.

Table 6. Results on the Covariates Based on the HECM (1994 IAA-FAQ

Data)
Model Posterior CI Percentiles
Parameter Covariate Mean 2.5% 97.5%
Ability Education 0.31 0.25 0.37
Gender —0.01 —0.07 0.05
Age —0.04 —0.10 0.03
Contact with elderly 0.01 —0.06 0.07
(often to never)
Willingness to guess ~ Education —0.21 —0.33 —0.10
Gender —0.19 —0.30 —0.08
Age —0.13 —0.25 —0.02
Contact with elderly —0.01 —0.13 0.10
(often to never)
Guessing bias Education —0.20 —0.27 —0.14
Gender —0.02 —0.08 0.04
Age 0.08 0.02 0.14
Contact with elderly 0.09 0.03 0.15

(often to never)

Note: CI = credible interval; FAQ = Facts on Aging Quiz; HECM = hierarchical extended
Condorcet model; IAA = Images of Aging in America.
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7. MODEL CHECKING

A crucial assumption of the HECM is that there is one underlying cul-
ture behind the data. Although these checks should always be carried
out before interpreting the results, we present them at this point to be
able to look at the two data sets at once.

In Bayesian statistics, absolute model fit is generally investigated
through posterior predictive model checks (PPCs). They are carried out
by first selecting statistics (PPC test statistics) that reflect important fea-
tures of the real data. Then, on the basis of the posterior distribution of
the model parameters and the model itself, several hundred (or thou-
sand) data sets are generated, and the PPC test statistics are calculated
for each of these replicated data sets. The same statistics are then calcu-
lated for the real data. If the real data statistics do not appear to be con-
sistent with the distribution of statistics generated from the replicated
data, it is unlikely that the proposed model provides a good description
of the real data.

Batchelder and Anders (2012) developed a PPC to test the one-
culture assumption. Their method is based on calculating the
respondent-by-respondent correlations on the basis of the respondents’
answers (except the DK answers in the case of the HECM), calculating
eigenvalues from the correlation matrix, and computing the ratio of
the first and second eigenvalues. Such a measure is analogous to the
indicator of a one-factor solution in factor analysis—namely, it tests
whether the first factor accounts for most of the variation among the
correlated variables and the other factors are simply fitting noise in
the data. It is thus expected that the first eigenvalue is a multiple of
the second one, although the actual multiplying constant is a property
of the data scale.

We implement a PPC on the basis of the eigenvalue measure not by
simply looking at the absolute value of eigenvalue ratio in the data but
by comparing it with a posterior predictive distribution based on gener-
ated data sets. When data sets are generated on the basis of the para-
meter estimates and the HECM, the one-culture assumption is
automatically met, because it is a property of the model from which the
data are generated. Therefore, the ratio of the first and second eigenva-
lues that are based on these generated data sets represents a possible
range of eigenvalue ratios with a single underlying culture. A 95 per-
cent posterior predictive credible interval on the basis of the generated
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Figure 4. Eigenvalue ratio of the posterior predictive distribution and 1994
Images of Aging in America and Facts on Aging Quiz data.

eigenvalue ratios should contain the eigenvalue ratio calculated from
the real data.

However, we note here that if the data sets are based on all distribu-
tional assumptions of the HECM, this posterior predictive check is
therefore also sensitive to these properties. Simulation studies presented
in Batchelder and Anders (2012) and Anders and Batchelder (2012)
show the efficiency of this PPC to detect deviations from the one-culture
assumption.

Figure 3 displays graphically the posterior predictive check
results on the 2010 GSS data. The first and second eigenvalue ratio
was calculated in 300 simulated data sets, and a smoothed histogram
of these values is shown in Figure 3. The straight line represents the
eigenvalue ratio in the 2010 GSS data. As can be seen, the line falls
almost in the middle of the posterior predictive distribution, support-
ing the fact that the single-culture assumption holds for the 2010 GSS
data.

Figure 4 shows the same test carried out for the 1994 IAA-FAQ data.
As can be seen, the eigenvalue ratio for the data lies on the far left side
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of the posterior predictive distribution; however, the numerical results
confirm that this data eigenvalue ratio is within the 95 percent posterior
predictive credible interval.

8. ROBUSTNESS OF THE HECM ANSWER KEY
ESTIMATES

The current application of CCT for social survey data with large samples
is a somewhat untraditional CCT application because it has large num-
bers of respondents but small numbers of items. Typically in CCT appli-
cations, there are at least 30 items tapping into the same knowledge or
belief system, and there are only a couple of dozen respondents, some-
times even fewer. It has been shown that even with only a handful of
reasonably knowledgeable respondents (which can be a number as low
as 6), the answer key can be recovered accurately (e.g., see Batchelder
and Anders 2012).

To test the robustness of the findings for the HECM, we can sample
random subsets from the data set, reestimate the HECM, and compare
the answer key estimates among the subsamples. We choose the 2010
GSS data set to demonstrate this test.

Three subsample sizes were chosen (N = 25, 50, and 100), and 10
random subsamples were selected for each. The results are displayed in
Table 7. Columns 2, 3, and 4 show how many times the subsamples’
answer key estimates matched the ones estimated on the full sample.
Already with the smallest subsample size (N = 25), the findings appear
to be robust for many items, and with the largest sample size (N = 100),
all answer key estimates are the same among the subsamples and the
full sample.

9. DISCUSSION

In this article, we have described and illustrated the HECM for CCT,
and we have demonstrated its value for analyzing knowledge questions
in social surveys. The model generalizes the GCM by allowing uncer-
tainty in responses (DK answers), extending it hierarchically, and intro-
ducing covariates. These extensions provide insights into theoretically
important aspects of cultural knowledge, including systematic variation
in levels of knowledge, tendencies to guess, and acquiescence bias.
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Table 7. Robustness Test for 2010 GSS

Item Keywords N=25 N=50 N=100
Earth’s center is hot 10 10 10
Radioactivity man-made 8 10 10
Father’s gene 9 10 10
Laser—sound wave 8 9 10
Electrons < atoms 10 10 10
Antibiotics kill viruses 7 8 10
Universe began explosion 8 9 10
Continents move 10 10 10
Humans from animals 9 9 10
Earth around sun 10 10 10
Tomatoes no genes 7 9 10
Cloning identical 10 10 10

Note: Three times, 10 random subsamples of the original data set were taken, with sample sizes
of N=25, N=50, and N = 100. Columns 2, 3, and 4 display how many times the subsamples’
answer key estimates matched the one based on the full sample.

Taking into account cognitive processes underlying decision making as
well as individual differences therein can contribute to our understand-
ing of sociological phenomena. Researchers such as Mondak and
Canache (2004) have already called our attention to the importance of
these factors. The authors argued that individual and national differ-
ences in tendency to guess can complicate measures of knowledge,
because respondents who are more likely to guess will get some answers
correct simply by chance. The HECM allows direct examination of such
hypotheses.

One of the advantages of CCT modeling is that its underlying cogni-
tive model separates ‘‘knowledge’” from ‘‘performance,” using a latent
variable for each. Performance can be defined by how many items a
respondent answers correctly, in which case guessing can lead to correct
responses. By looking again at Figure 4, we can see that the underlying
cognitive model in the HECM works not with performance but with the
underlying latent probability of actually knowing the answer, denoted
by Dj. By taking into account willingness to guess and guessing bias,
and allowing these parameters for each individual to take different val-
ues, we account for those “‘correct’ responses that are not based on the
respondent’s knowledge.
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As we saw in the results for the FAQ, HECM answer key estimates
can differ from the scientific answers and from the majority answers
as well (see again Table 4). An HECM answer key can differ from a
simple aggregation-based majority answer because it accounts for
guessing processes and interindividual differences therein, and it con-
siders the true underlying probability of a respondent’s knowing the
consensus answer for a particular question. Therefore, the HECM
answer key conveys an interpretation of consensus opinion in society
that is based on principles of cognitive and personality psychology.
In some domains, there are empirical evidence and accepted scientific
methods that yield the scientifically correct answers. These scientific
answers can vary from the HECM key if shared cultural knowledge
differs from that established by the scientific community.
Discrepancies could arise if cultural knowledge is out of date, for
example, if a substantial portion of a population learned about moun-
tain orogeny before plate tectonics was fully understood. It can also
arise if worldviews concerning particular questions are embedded in
other belief domains, for example, fundamentalist religious beliefs
about evolution or the age of the universe. In either case, discrepan-
cies can point to lines of further investigation (Why are there discre-
pancies?) or suggest educational interventions (What needs to be
taught?). Finally, we note here that there are cases for which no scien-
tifically ‘‘correct’ answer exists (e.g., morality judgments, meaning
of culturally specific expressions).

Although CCT has, to date, seen little use in sociology, we believe
that it has considerable potential for systematically examining a number
of issues in the field. Knowledge domains are one natural area for fur-
ther exploration, and the model could easily be applied to other topics
for which survey data are readily available, such as political facts
(Carpini and Keeter 1993; Mondak 2001; Mondak and Anderson 2004),
as well as more everyday knowledge, such as diet and health (York-
Crowe et al. 2006). Application of CCT could also be expanded to
include more attitudinal or value-oriented questions, for example, on
human rights, the environment, morality, or identity. Moreover, the
availability of comparable cross-national surveys (e.g., World Values
Survey Association 2009) makes this an especially promising area of
investigation for CCT.

Nevertheless, several challenges remain in the application of CCT
to large-scale survey data. First, as we discussed in the previous
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section, CCT was originally developed for situations in which a hand-
ful of respondents answer a relatively large number of questions.
Survey data with many respondents have high computational costs,
especially when conducting posterior predictive checks, for example.
Second, because large representative surveys often have considerable
respondent heterogeneity, the one-culture assumption of CCT might
not always be met in practice. Future research should consider prin-
cipled ways to model heterogeneity in cultural knowledge, for exam-
ple, implementing multicultural models, as in Anders and Batchelder
(2012) for social survey research as well. Finally, the model described
in this article is applicable to questions with dichotomous response
formats (true or false) plus a DK option. However, surveys commonly
use ordered categories for responses (‘‘strongly agree,”” ‘‘agree,”’
“neither agree nor disagree,”” ‘‘disagree,”” ‘‘strongly disagree’’).
Extending CCT models to such formats will certainly increase their
applicability.

APPENDIX A
The 2010 General Social Survey Science Module

The center of the Earth is very hot.

All radioactivity is man-made.

It is the father’s gene that decides whether the baby is a boy or a girl.

Lasers work by focusing sound waves.

Electrons are smaller than atoms.

Antibiotics kill viruses as well as bacteria.

The universe began with a huge explosion.

The continents on which we live have been moving their locations for

millions of years and will continue to move in the future.

9. Human beings, as we know them today, developed from earlier spe-

cies of animals.

10. Does the Earth go around the Sun, or does the Sun go around the
Earth?

11. Ordinary tomatoes do not contain genes, while genetically modified
tomatoes do.

12.  The cloning of living things produces genetically identical copies.

X NSk
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APPENDIX B

Palmore’s Aging Quiz

N kW

10.

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

21.

22.

23.
24,

The majority of older people are senile, have a defective memory, or
are disoriented.

All five senses (sight, smell, hearing, taste, touch) tend to decline in
old age.

The majority of older people have no capacity for sexual relations.
Lung capacity tends to decline in old age.

The majority of older people say they are miserable most of the time.
Physical strength tends to decline in old age.

At least one-tenth of the older people are living in institutions such as
nursing homes, mental hospitals, homes for the aged.

Drivers 65 or older have fewer accidents per driver than those under
age 65.

Older workers usually cannot work as effectively as younger workers.
Over three-fourths of older people say they are healthy enough to carry
out their normal activities.

The majority of older people are unable to adapt to change.

Older people tend to take longer to learn something new.

It is almost impossible for older people to learn something new.

Older people tend to react more slowly than younger people.

In general, older people tend to be pretty much alike.

The majority of older people say they are seldom bored.

The majority of older people say they are lonely.

Older workers have fewer accidents than younger workers.

Over 20% of the U.S. population are now 65 and older.

The majority of medical practitioners such as medical doctors and
nurses give low priority to older people.

The majority of older people have incomes below the poverty level—
that is less than $6,500 per year for an individual or less than $8,400
per year for a couple.

The majority of older people are working or say they would like to
have some kind of work to do, including work around the house and
volunteer work.

Older people tend to become more religious as they age.

The majority of older people say they are seldom irritated or angry.
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25. The health and economic status of older people in the year 2020 will
be probably the same or worse than it is now.
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Notes

1. Alteratively, the population mean of the ability parameter could also be fixed to 0.

2. In the analyses of the 2010 GSS data set as well as the 1994 IAA-FAQ data set,
three chains were run with dispersed starting values, and 4,000 iterations were
retained from each chain after an initial burn-in period (2,000 samples) and thin-
ning (by factor 10). Therefore, the final posterior sample size was 3 X 4,000 =
12,000 iterations. All chains converged. The primary test for convergence was
based on the R value (i.e., all R values < 1.1; Gelman et al. 2004), as implemen-
ted in the MATLAB environment by the authors, and visual assessment of trace
and cumulative plots. Also, other tests of convergence, such as Geweke and
Heidelberger and Welch diagnostics, were carried out satisfactorily on the basis of
the R package superdiag by Tsai and Gill (2012).

3. Although Mondak and Canache (2004), for example, demonstrated that there is a
gender difference in the tendency to guess, they only approximated a guessing rate
as (number incorrect)/(number incorrect + number DK).

4. Questions 1, 3, 5, 7 to 11, 13, 16 to 18, 21, 22, 24, and 25 are the negative-bias
questions, and questions 2, 4, 6, 12, and 14 are the positive-bias ones.
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